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Resumo
Desde os trabalhos iniciais de Donaldson sobre instantons Yang-Mills era aparente a relação
entre instantons Hermite-Yang-Mills e métricas Hermite-Einstein. Recentemente, motivados
por uma relação semelhante entre G2instantons e métricas Hermite-Einstein, Sá Earp e
Walpuski introduziram um método para construir novos exemplos de G2instantons sobre
somas conexas torcidas. Baseado nisso, o objetivo desta tese é propor uma construção
análoga para Spinp7qinstantons usando métricas Higgs-Hermite-Einstein. Primeiramente,
mostramos como reduzir a equação de Spinp7qinstantons a aquela de métricas Higgs-
Hermite-Einstein. Para isso seguimos a idéa de redução dimensional introduzida por Hitchin.
Então provamos a existência de métricas Higgs-Hermite-Einstein para fibrados de Higgs
assintoticamente translacionalmente invariantes sobre variedades Kähler assintoticamente
cilindricas. Isso é alcançado adaptando o método de continuidade de Uhlenbeck-Yau para
este contexto não-compacto usando os espaços de Hölder com peso exponencial adequados.
Com isso concluimos o primeiro passo na contrução proposta de Spinp7qinstantons sobre
somas conexas torcidas, que se espera produzir novos exemplos de Spinp7qinstantons.
Palavras-chave: Conexões(Matemática), Geometria complexa, Fibrados de Higgs.
Abstract
Since Donaldson’s early works on Yang-Mills instantons it was apparent the relation
between Hermite-Yang-Mills instantons and Hermite-Einstein metrics. Recently, motivated
by a similar relation between G2instantons and Hermite-Einstein metrics, Sá Earp and
Walpuski introduced a method to construct new examples of G2instantons over twisted
connected sums. Based in this, the objective of this thesis is to propose an analogous
construction for Spinp7qinstantons using Higgs-Hermite-Einstein metrics. Firstly, we
show how to reduce the Spinp7qinstanton equation to that of Higgs-Hermitian-Einstein
metrics. For this we follow the idea of dimensional reduction introduced by Hitchin. Then
we prove the existence of Higgs-Hermite-Einstein metrics for asymptotically translation
invariant Higgs bundles over asymptotically cylindrical Kähler manifolds. This is achieved
by adapting Uhlenbeck-Yau’s continuity method to this non-compact setting using the
suitable Hölder spaces with exponential weights. With this we conclude the first step in
the proposed construction of Spinp7qinstantons over twisted connected sum, which is
expected to produce new examples of Spinp7qinstantons.
Keywords: Connections(Mathematics), Complex geometry, Higgs bundles.
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Introduction
In this work we study Higgs-Hermite-Einstein metrics over ACyl Kähler mani-
folds and their relation to Spinp7qinstantons. Our main motivation is the construction of
Spinp7qinstantons in a manner similar to what was done in (EARP; WALPUSKI, 2015)
for G2instantons.
If pE , θq is a Higgs bundle over a Kähler manifold pX,ωq and H is a Hermitian
metric on E , the Hitchin-Simpson connection is defined as
D  ∇H   θ   θ
where ∇H is the Chern connection associated to H and θ is the adjoint of θ with respect
to H. Denoting by FD the curvature of D and Λ the contraction by ω, we say that H
satisfies the (weak) Higgs-Hermite-Einstein equation if
ΛFD  λ  Id
for a constant (function) λ P R.
These metrics have a fundamental role in gauge theory as their Hitchin-Simpson






Moreover, in dimension 4 they correspond to anti-self dual connections. Based on this,
it is not a surprise to expect that such metrics produce examples of instantons in higher
dimensions. In the context of Spinp7qinstantons this is achieved through dimensional
reduction.
Suppose that X is a Calabi-Yau 3fold, so that the product X  T 2 admits a
Spinp7qmanifold structure given by
i
2dz ^ dz̄ ^ ω  
1
2ω
2   Repdz ^ Ωq.
For a holomorphic vector bundle E over X and a T 2invariant Chern connection ∇̃ on
the pullback πE Ñ X  T 2, we can write
∇̃  ∇  ψ1ds1   ψ2ds2,
where ∇ is the pullback of a Chern connection in π : E Ñ W , ψ1, ψ2 the pullbacks of skew-
Hermitian bundle endomorphisms and s1, s2 the canonical coordinates of T 2  S1  S1.
Thus, defining θ  12pψ1  iψ2qdz, we have
∇̃  ∇  θ  θ.
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Now, recall that a connection A on a vector bundle E over a Spinp7qmanifold pM,Ξq is
called a Spinp7qinstanton if
pFA ^ Ξq  FA.
Thus, substituting F∇̃ in the Spinp7qinstanton equation we obtain the following system
of equations:
 pF∇ ^ ω
2
2 q  rθ, θ
s
 p∇θ ^ ω
2
2 q  ∇θ
 p∇θ ^ ω
2
2 q  ∇θ

 pF∇ ^ i2dz̄ ^ dz ^ ω  rθ, θ
s ^ ω
2
2 q  F∇.
It is easy to see that the first and fourth equations, as well as the second and third, are equiv-




2 q  rθ, θ
s
B̄θ  0,
which is precisely the condition of pE , θq being a Higgs bundle over X  T 2 admitting an
Higgs-Hermite-Einstein metric (assuming c1pEq  0) with Hitchin-Simpson connection ∇.
The concept of Hermite-Einstein metrics on complex vector bundles was intro-
duced by Kobayashi in (KOBAYASHI, 1980) as a generalization of Kähler-Einstein metrics.
Some time later, he showed in (KOBAYASHI, 1982) that irreducible Hermite-Einstein
bundles were stable in the sense of Mumford-Takemoto. Roughly a year after, Donaldson, in
(DONALDSON, 1983), established the converse for bundles over Riemann surfaces giving
a new proof of the famous Narasimhan-Seshadri theorem (NARASIMHAN; SESHADRI,
1964).
This led Kobayashi and Hitchin independently to conjecture a equivalence
between the moduli space of stable vector bundles and irreducible Hermite-Einstein
vector bundle over a complex manifold. This conjecture, known as Hitchin-Kobayashi
correspondence, would represent one of the main links between algebraic geometry and
complex differential geometry.
Stable bundles Irreducible HE bundles
Following the case of Riemann surfaces, the Hitchin-Kobayashi correspondence
was proved by Donaldson for algebraic surfaces (DONALDSON, 1985) and later for
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algebraic manifolds (DONALDSON, 1987) using his method of the heat flow. Meanwhile,
Uhlenbeck and Yau, using their continuity method, extended the Hitchin-Kobayashi
correspondence to Kähler manifolds (UHLENBECK; YAU, 1986).
Motivated by Hitchin’s previous work (HITCHIN, 1987) on the equations
obtained from dimensional reduction of the self-dual Yang-Mills equations, Simpson in-
troduced the concept of Higgs bundles in (SIMPSON, 1988) to study representations of
the fundamental group of complex manifolds. After proving a Hitchin-Kobayashi type
of correspondence for Higgs bundles (known as Simpson correspondence), he generalized
Narasimhan-Seshadri previous work establishing a equivalence between complex repre-
sentations of the fundamental group and stable Higgs bundles with trivial first Chern
class.
Irreducible representations π1pXq Stable Higgs bundles with c1pEq  0
Besides the link with stable bundles, Higgs-Hermitian-Einstein bundles have
found many applications within the area of gauge theory, more specifically in the study of
Yang-Mills-Higgs instantons.
In (DONALDSON, 1985), Donaldson showed how to obtain examples of in-
stantons from Hermite-Einstein metrics on holomorphic bundles with trivial first Chern
class. In fact, he showed that the anti-self-dual instanton equation for integrable unitary
connections was equivalent to the Hermite-Einstein equation. Later, this same kind of result
would lead Hitchin in (HITCHIN, 1987) to note that, after dimensional reduction, the
anti-self-dual instanton equation was equivalent to the Higgs-Hermite-Einstein equation.
More recently, in their seminal paper (DONALDSON; THOMAS, 1998), Don-
aldson and Thomas proposed a generalization of gauge theory to higher dimensions with a
particular interest in G2 and Spinp7q manifolds. This motivated Tian’s highly influential
work (TIAN, 2000) where he carried out part of the proposed program studying the blow-
up loci of sequence of instantons and their relation with minimal submanifolds through
calibrated geometry.
Aiming to study the G2 case, Sá Earp worked on constructing examples of
G2instantons over Kovalev manifolds. The first step for this was developed in (EARP,
2015), where he showed the existence of HE metrics over ACyl Kähler manifolds using
the heat flow method and presented a method to construct G2instantons from these
metrics. Later, in joint work with Walpuski (EARP; WALPUSKI, 2015), they proved a
gluing theorem for these instantons obtaining the desired examples.
Following Sá Earp’s work, in (JACOB; WALPUSKI, 2018) Jacob and Walpuski
extended his existence result on HE metrics to the case of reflexive sheaves. For this they
used Uhlenbeck-Yau continuity method.
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Based on this last work, I studied in this thesis a extension of their result for
Higgs bundles aiming to construct Spinp7qinstantons in a manner similar to the G2 case
explained above.
In chapter 2 we review some basic facts about Higgs bundles, Higgs-Hermite-
Einstein metrics and stability. The idea is to establish the basic language that will be
employed in later chapters.
In chapter 3 we introduce the concepts related to ACyl Kähler manifolds, such
as asymptotically translation invariant bundles and metrics, and develop the analytical
tools needed in the solution of our main theorem.
In chapter 4 we prove the main result of this thesis about the existence of HHE
metrics for ATI Higgs bundles over ACyl Kähler manifolds.
Theorem 1. Let pW,ωq be an ACyl Kähler manifold with cross-section pX,ωXq and pE , φq
a ATI Higgs bundle asymptotic to a stable Higgs bundle pEX , φq Ñ X. Then pE , φq admits
an ATI Higgs-Hermite-Einstein metric.
This is done using Uhlenbeck-Yau continuity method very similar to that used
in (JACOB; WALPUSKI, 2018) with adaptations to the Higgs case. Assuming that the
bundle is stable at infinity, we are able to find a starting metric for the continuity method.
Then we compute the linearisation of the equation and use the implicit function theorem
to guarantee openness of the continuity set. Finally, we prove some a priori estimates to
show that the continuity set is closed.
Finally, in chapter 1.4 we show how one can obtain Spinp7qinstantons from
HHE metrics through dimensional reduction.
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1 Gauge theory on Spin(7)manifolds
In this initial chapter I will introduce the background material on Spinp7qmani-
folds fundamental for comprehending later contents of this thesis. I will start introducing
the Spinp7q group and some of its properties. Then I will define Spinp7qmanifolds and
show their features. Finally I will present Spinp7qinstantons giving some examples and
characteristics. This chapter is based on the following references (BRYANT, 1987; JOYCE,
2000; SALAMON, 1989; SALAMON; WALPUSKI, 2017).
1.1 The group Spin(7)
In Berger’s famous list of possible holonomy groups the Lie group Spinp7q
represents, along with G2, the only exceptional cases. It is the seventh group in the Spin
family and the first of the family that is not isomorphic to a classical Lie group. Although
there are several ways of defining the Spin family, such as the double-cover of the SO
family or as a subgroup of the invertible elements of the Clifford algebra, here we will
adopt a more concrete definition coming from a representation into R7.
Definition 1. Let teiui1,...8 be the canonical dual base of R8 and denote by ei1...ik the
product  ei1 ^    ^ eik . We define the standard Cayley form of R8 by
Ξ0  12pαq   Repβq, (1.1)
where
α  pe12   e34   e56   e78q and β  pe1   ie2q ^ pe3   ie4q ^ pe5   ie6q ^ pe7   ie8q.
Now we define Spinp7q as the stabilizer of Ξ0 under the Glp8,Rq action:
Spinp7q tg P Glp8,Rq : gΞ0  Ξ0u. (1.2)
Theorem 2 ((BRYANT, 1987, Theorem 4, p. 545)). The group Spinp7q is a simple,
compact and 1connected Lie group of dimension 21. Moreover Spinp7q is a subgroup of
SOp8q with center Z2 and quotient Spinp7q {Z2  SOp7q.
It follows from the above theorem that Spinp7q preserves the standard orienta-
tion and the Euclidean metric of R8. Hence, if  denotes the Hodge star operator, we have
Ξ0  Ξ0, i.e., Ξ0 is a self-dual 4form.
More generally, we can extend the notion of a Cayley form to abstract vector
spaces using the concept of admissible forms.
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Definition 2. We say that a 4form Ξ on a vector space V is admissible if there exists
an isomorphism φ : R8 Ñ V such that φΞ  Ξ0. We denote the set of admissible 4forms
on V by ApV q.
If we consider the map GlpV q Ñ Λ4V  given by g ÞÑ gΞ, we see that it imbeds
GlpV q{ Spinp7q  ApV q as smooth submanifold of Λ4V . Moreover, since dim GlpV q  64
and dim Spinp7q  21, we see that ApV q is 43dimensional and has codimension 27 on
Λ4V .
Proposition 1. Let Ξ be an admissible 4form on a vector space V . Then, the action of
Spinp7q on ΛV  gives the following orthogonal splittings
Λ1V   Λ18 Λ3V   Λ38 ` Λ348




where Λkd denotes a ddimensional irreducible representation of Spinp7q. More explicitly
we have
Λ27  tα : pα ^ Ξq  3αu Λ41  xΞy
Λ221  tα : pα ^ Ξq  αu  spinp7q Λ47  sopV q  Ξ  Λ27
Λ38  tv ⌟ Ξ : v P V u  Λ18 Λ427  Sym0pV q  Ξ
Λ348  tα : α ^ Ξ  0u Λ435  tα : α  αu
Also note that the Hodge star gives an isometry between ΛkV  and Λ8kV .
1.2 Spin(7)manifolds
Let M be an 8dimensional manifold. Using the notion of admissible 4forms,
we consider at each point p PM the set ApTpMq and define the bundle AM as
AM  \pPMApTpMq.
Although AM  Λ4T M , it is not a vector subbundle of Λ4T M since its fibers are
isomorphic to Glp8,Rq{ Spinp7q. Let ΓpAMq denote the space of smooth sections of AM .
Definition 3. A Spinp7qstructure on an 8dimensional manifold M is a section Ξ P
ΓpAMq. We call the pair pM,Ξq an almost Spinp7qmanifold.
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Since an almost Spinp7qmanifold pM,Ξq has an admissible form Ξp on TpM
for each p PM , we can equip M with a canonical Riemannian metric gΞ and orientation
volΞ, and obtain a Hodge star operator Ξ. It follows from Proposition 1 that for any
almost Spinp7qmanifold pM,Ξq we have a bundle decomposition of ΛkT M . Using the
same notation, we denote by Λkd the summands and by πd : ΛkT M Ñ Λkd the projection.
Definition 4. The torsion of a Spinp7qstructure Ξ is defined by the tensor
∇gΞΞ,
where ∇gΞ is the Levi-Civita connection of gΞ. We say that Ξ is torsion-free if ∇gΞΞ  0.
In this case we call pM,Ξq a Spinp7qmanifold.
It follows from the holonomy principle that for a Spinp7qmanifold pM,Ξq the
metric gΞ satisfies HolpgΞq  Spinp7q. Moreover, if pM, gq is a 8dimensional Riemannian
manifold with Holpgq  Spinp7q then M admits a torsion-free Spinp7qstructure Ξ such
that g  gΞ. Hence, for 8dimensional manifold M there is an equivalence between
torsion-free Spinp7qstructures and Spinp7q holonomy metrics over it. The next theorem
gives another characterization of Spinp7qmanifolds.
Theorem 3 ((SALAMON, 1989, Lemma 12.4, p. 176)). Let pM,Ξq be an almost Spinp7q
manifold, then the following are equivalent:
• ∇gΞΞ  0;
• dΞ  0.
The following results shows the main geometric properties which motivate the
study of Spinp7qmanifolds, particularly for physicists.
Proposition 2 ((SALAMON, 1989, Corollary 12.6, p. 176)). Let pM, gq be a Riemannian
manifold with Holpgq  Spinp7q, then g is Ricci flat.
Proposition 3 ((JOYCE, 2000, Proposition 10.5.5, p.256)). Let pM,Ξq be an almost
Spinp7qmanifold. Then pM, gΞq is orientable and spin, with a canonical orientation
and spin structure. Moreover, if Ξ is torsion-free, then pM, gΞq admits a nonzero parallel
positive spinor.
In fact, if S  S  ` S is the spin bundle of M , then there are natural
isomorphisms S   Λ01 ` Λ27 and S  Λ18.
From Berger’s list we have the following theorem which helps characterize all
possible examples of Spinp7qmanifolds.
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Theorem 4 ((JOYCE, 2000, Theorem 10.5.7, p. 256)). The only non-trivial connected
Lie subgroups of Spinp7q which can be holonomy group of a Riemannnian metric on an
8manifold are:
• SUp2q, acting on R8  R4 ` C2 trivially on R4 and as usual on C2,
• SUp2q  SUp2q, acting on R8  C2 ` C2 in the obvious way,
• SUp3q, acting on R8  R2 ` C3 trivially on R2 and as usual on C3,
• G2, acting on R8  R` R7 trivially on R and as usual on R7,
• Spp2q, acting as usual on R8  H2,
• SUp4q, acting as usual on R8  C4.
Therefore, if Ξ is a torsion-free Spinp7qstructure on an 8manifold, then Hol0pgΞq is
one of t1u, SUp2q, SUp2q  SUp2q, SUp3q, G2, Spp2q, SUp4q or Spinp7q.
Thus we can use lower dimensional geometries like Calabi-Yau 2folds, 3folds
or 4folds to obtain Spinp7qmanifolds. Here are some explicit examples where the
inclusions above produce Spinp7qmanifolds.
Example 1. The most elementary example of a Spinp7q manifold, and the model to
have in mind, is pR8,Ξ0q as its holonomy is trivial. For the compact case, one can have
in mind the 8dimensional torus coming from the quotient of R8 with Spinp7qstructure
induced from Ξ.
Example 2. Let pX, g, I,Ωq be a Calabi-Yau 4fold and define the 4form
Ξ  12ω
2   Re Ω.
Computing the local expression of Ξ in normal coordinates one can easily check that it
defines a Spinp7qstructure on X. Moreover, since ω and Ω are ∇gparallel, it follows
that Ξ torsion-free. Hence pX,Ξq is a Spinp7qmanifold with holonomy SUp4q.
Next are the main kinds of example we are interested for the construction of
Spinp7qinstantons.
Example 3. Let pX, g, I,Ωq be a Calabi-Yau 3fold and T 2 the torus with complex
structure coming from the lattice C{Λp1, iq. If we define
Ξ  i2dz ^ dz̄ ^ ω  
1
2ω
2   Repdz ^ Ωq,
the same arguments used in the previous example show that Ξ defines a torsion-free
Spinp7qstructure on the X  T 2.
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All the above examples had holonomy strictly contained in Spinp7q. For exam-
ples of holonomy equal to Spinp7q the following theorem gives a topological criterion.
Theorem 5 ((JOYCE, 2000, Theorem 10.6.1, p. 259)). Let pM,Ξq be a compact Spinp7q
manifold. Then the Âgenus ÂpMq of M satisfies
24ÂpMq  1  b1  b2   b3   b4   2b4, (1.3)
where bi are the Betti numbers on M and b4 the dimensions of H4pM,Rq. Moreover, if
M is 1connected then ÂpMq is 1, 2, 3 or 4, and the holonomy group Holpgq of g is
determined by ÂpMq as follows:
• Holpgq  Spinp7q if and only if ÂpMq  1,
• Holpgq  SUp4q if and only if ÂpMq  2,
• Holpgq  Spp2q if and only if ÂpMq  3,
• Holpgq  SUp2q  SUp2q if and only if ÂpMq  4.
Examples with holonomy equal to Spinp7q are much more dificult to obtain
and every compact example obtained so far involves some kind of gluing construction
with no explicit description of the metrics. The first examples were obtained by Bryant
in (BRYANT, 1987) using the theory of exterior differential systems. Later, Bryant
and Salamon in (BRYANT; SALAMON, 1989) obtained explicit examples with com-
plete metrics on noncompact manifolds. In the compact case Joyce in (JOYCE, 1996;
JOYCE, 1999) constructed examples by resolving singularities of orbifolds with torsion-free
Spinp7qstructures.
1.3 Spin(7)instantons
Let pM,Ξq be a Spinp7qmanifold and G a semi-simple compact Lie group. If
E is a Gbundle over M we will denote by ApEq the space of connections on E and by
gE the associated adjoint bundle.
Definition 5. A connection A P ApEq on E is called a Spinp7qinstanton if it satisfies
pFA ^ Ξq  FA,
which means π7pFAq  0.
Spinp7qinstantons were first discussed in the physics literature by various
authors (CORRIGAN et al., 1983; WARD, 1984) and later presented to a broader mathe-
matical audience by Donaldson-Thomas (DONALDSON; THOMAS, 1998, Section 3). The
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first thorough study of these instantons can be found in Lewis’s thesis (LEWIS, 1999); there
he proved a variety of elementary results, studied the bubbling of a family of instantons
and constructed a non-trivial example over a manifold with holonomy Spinp7q. More
recently, Tanaka (TANAKA, 2012) exhibited a method to construct Spinp7qinstantons
on Spinp7qmanifolds obtained by Joyce (JOYCE, 1999).
Example 4. The most trivial example of Spinp7qinstantons are flat connections.
Example 5. Let pX,ω,Ωq be a Calabi-Yau 4fold, E a Gbundle over X and A a
Hermitian-Yang-Mills connection, i.e.,
ΛFA  0 and F0,2A  0
or equivalently
FA ^ ω3  0 and FA ^ Re Ω  0.
If we take the Spinp7qstructure Ξ  12ω
2   Re Ω as in Example 2, we can
compute
pFA ^ Ξq  p12FA ^ ω
2   FA ^ Re Ωq
 12  pFA ^ ωq
Example 6. The Levi-Civita connection of a Spinp7qmanifold pM,Ξq is a Spinp7qinstanton.
To see this note that, in the case of Holpgq  Spinp7q, the Riemannian curvature tensor R
is an element of S2spinp7q at each point. Hence, from the decomposition in Proposition 1,
it follows that pR ^ Ξq  R.
1.4 Constructing Spinp7qinstantons
In this last section 1.4 we show how HHEmetrics are related to Spinp7qinstantons
using dimensional reduction. Following the same ideas in (HITCHIN, 1987) we are able
to show that HHE metric are solution to the Spinp7qinstanton equation for bundles
with trivial first Chern class. Here we will also explain how this may be used to obtain
Spinp7qinstanton over compact manifolds following a twisted connected sum construction
similar to the G2 case.
1.4.1 Spin(7)instantons and dimensional reduction
Let pX  T 2,Ξq be the Spinp7qmanifold of Example 3 and take E to be a
holomorphic vector bundle over X. If we assume that ∇̃ is a T 2invariant integrable
unitary connection on the pullback πE Ñ X  T 2, we can write
∇̃  ∇  ψ1ds1   ψ2ds2,
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where ∇ is the pullback of an integrable unitary connection in π : E Ñ W , ψ1, ψ2 the
pullbacks of skew-Hermitian bundle endomorphisms and s1, s2 the canonical coordinates
of T 2  S1  S1. Taking θ  12pψ1  iψ2qdz, we can write
∇̃  ∇  θ  θ.
Consider now the Spinp7qinstanton equation for ∇̃. Since F∇̃  F∇  ∇θ 
∇θ  rθ, θs, after expanding the equation and using the degrees compatibility we obtain
the following system of equations:
 pF∇ ^ ω
2
2 q  rθ, θ
s
 p∇θ ^ ω
2
2 q  ∇θ
 p∇θ ^ ω
2
2 q  ∇θ

 pF∇ ^ i2dz̄ ^ dz ^ ω  rθ, θ
s ^ ω
2
2 q  F∇.
It is easy to see that the first and fourth equations, as well as the second and third, are equiv-




2 q  rθ, θ
s
B̄θ  0.
This is precisely the condition of pπE , θq being a Higgs bundle over W  T 2 admitting an
Higgs-Hermite-Einstein metric (assuming c1pEq  0).
Thus if we start with a Higgs bundle with θ of the form θ  12pψ1  iψ2qdz and
satisfying the above equations, then we can produce a Spinp7qinstanton out of it.
1.4.2 Twisted connected sums for G2manifolds
As explained above, by solving the PHYM problem for pE , θq over W we
provide a T 2invariant Spinp7qinstanton over W  T 2. Now what we expect to do in
the future is to glue a pair of such instantons along a gluing of the base spaces obtaining a
Spinp7qinstanton over a compact Spinp7qmanifold.
A building block pX,Σq consists of a smooth projective 3fold X and a smooth
anticanonical K3 surface Σ with trivial normal bundle. Given such pair and a hyperkähler
structure on Σ we can make W : XzΣ into an asymptotically cylindrical Calabi-Yau
3fold with end modelled on p0,8q  S1  Σ.
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Given a pair of building blocks pX,Σq, amatching data m  tpωI,, ωJ,, ωK,q, ru
is a set consisting of two hyperkähler structures pωI,, ωJ,, ωK,q, one for each Σ, and dif-
feomorphism r : Σ  Ñ Σ, called a hyperkähler rotation, such that rωI,s is the restriction
of the Kähler class on X to Σ and r satisfies
rωI,  ωJ,  rωJ,  ωI,  rωK,  ωK, .
Using a matching data m for a pair of building blocks pX,Σq, Kovalev and
Lee (KOVALEV; LEE, 2011) showed that one can glue the Acyl manifolds W   S1,
W  S1 along the ends, as depicted below, obtaining a compact 7dimensional manifold
Y with a family of torsion-free G2qstructures pφtqt¥t0 . This manifold with the family of









Based on this gluing, Sá Earp and Walpuski (EARP; WALPUSKI, 2015) showed
how to construct G2instantons over twisted connected sums, with a concrete example
later being presented by Walpuski (WALPUSKI, 2016).
1.4.3 Spin(7)instantons over twisted connected sums
Following the twisted connected sum idea, I propose one should search for an
analogous construction for Spinp7qmanifolds. Using the same notation, consider the pairs
W   T 2, W  T 2. Then if we glue their ends following Kovalev and Lee’s method, but
using a diffeomorphism f : T 3 Ñ T 3 that acts trivially on the homotopy groups, we may
expect to obtain a compact 8dimensional manifold with holonomy contained in Spinp7q.
Although this may not be a holonomy Spinp7q manifolds for every pair of
building blocks like in the G2 case, we hope to obtain, by imposing conditions on the
building blocks, some examples in which the holonomy is indeed Spinp7q.
For this kind of examples, we can apply a method similar to that of Sá Earp
and Walpuski using my result for Higgs bundles. Therefore we obtain a construction for
Spinp7qinstantons over these twisted connected sums
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2 Higgs bundles
In this chapter I will briefly discuss Higgs bundles, Higgs-Hermite-Einstein
metrics and stability. The idea is to review the basic definitions and results that will
appear in later chapters. The main references for this chapter are (SIMPSON, 1988)
and (SIMPSON, 1992). In the last section, for the approach on stability, I will follow
(KOBAYASHI, 1987).
2.1 Higgs sheaves and stability
Let X be a ndimensional complex manifold and OX its structure sheaf. We
will call a sheaf over X any sheaf of OXmodules over the ringed space pX,OXq.
Definition 6. A Higgs sheaf over X is a pair pE , θq, where E is coherent sheaf over X
and θ : E Ñ E b Ω1X is a sheaf morphism, called Higgs field, such that the composite
θ ^ θ : E Ñ E b Ω2X vanishes.
In this context, we say that a Higgs sheaf pE , θq is torsion free (resp. reflexive,
locally free), if E is torsion free (resp. reflexive, locally free). Moreover, as we can identify
locally-free sheaves with holomorphic vector bundles, we will refer to a locally free Higgs
sheaf as a Higgs bundle.
Definition 7. A morphism between Higgs sheaves pE1, θ1q and pE2, θ2q over X is a sheaf
morphism φ : E1 Ñ E2 such that the following diagram is commutative:
E1 E2




Based on this definition, a Higgs subsheaf of pE , θq is a pair pF , θ|Fq where F
is a subsheaf of E satisfying θpFq  F bΩ1X. A Higgs quotient of pE , θq is a pair pQ, θ|Qq
where Q is a quotient sheaf of E whose kernel is a Higgs subsheaf.
Note that if φ : pE1, θ1q Ñ pE2, θ2q is a morphism, then it follows from the commu-
tativity property that pkerpφq, θ1|kerpφqq is a Higgs subsheaf of pE1, θ1q and pimpφq, θ2|impφqq
is a Higgs subsheaf of pE2, θ2q. Thus, pimpφq, θ2|impφqq is a Higgs quotient of pE1, θ1q and
pE2{ impφq, θ2|E2{ impφqq is a Higgs quotient of pE2, θ2q.
Definition 8. We say that a Higgs sheaf E is simple if every morphism φ : pE , θq Ñ pE , θq
is a scalar multiple of the identity map.
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Now, assume that X is compact and admits a Kähler form ω. If pE , θq is a
Higgs sheaf over X we define the ωdegree of pE , θq as




and the rank of pE , θq as
rkpE , θq  rk E .
In the case where rkpE , θq ¡ 0 we define the ωslope of pE , θq to be
µωpE , θq 
degωpE , θq
rkpE , θq .
When working over a compact Kähler manifold pX,ωq we will always use ω for the concepts
above, so that we will omit it for simplicity.
Definition 9. A Higgs sheaf pE , θq over a Kähler manifold pX,ωq is called stable (resp.
semistable), if it is torsion free and for any Higgs subsheaf pF , θ|Fq, with 0   rkpF , θ|Fq  
rkpE , θq, the inequality
µpF , θ|Fq   µpE , θq presp. µpF , θ|Fq ¤ µpE , θqq
holds.
The following results generalize to the case of Higgs sheaves the standard results
on (semi-)stability of analytic sheaves. Since the strategy of the proof is the same, we refer
the reader to (KOBAYASHI, 1987, Section 5.7).
Lemma 1. If
0 Ñ pE1, θ1q Ñ pE2, θ2q Ñ pE3, θ3q Ñ 0
is an exact sequence of Higgs sheaves over a compact Kähler manifold pX,ωq, then
r1pµpE2, θ2q  µpE1, θ1qq   r3pµpE2, θ2q  µpE3, θ3qq  0,
where r1  rkpE1, θ1q and r3  rkpE3, θ3q.
Corollary 1. Let pE , θq be a torsion free Higgs sheaf over a compact Kähler manifold
pX,ωq. Then pE , θq is stable (resp. semistable) if and only if for any Higgs quotient pQ, θ|Qq,
with 0   rkpE , θq   rkpQ, θ|Qq, the inequality
µpE , θq   µpQ, θ|Qq presp. µpE , θq ¤ µpQ, θ|Qqq
holds.
Proposition 4. Let pE1, θ1q and pE2, θ2q be semistable Higgs sheaves over a compact Kähler
manifold pX,ωq. Let φ : pE1, θ1q Ñ pE2, θ2q be a morphism.
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1. If µpE1, θ1q ¡ µpE2, θ2q, then φ  0;
2. If µpE1, θ1q  µpE2, θ2q and if pE1, θ1q is stable, then rkpE1, θ1q  rkpφpE1, θ1qq and φ
is injective unless φ  0;
3. If µpE1, θ1q  µpE2, θ2q and if pE2, θ2q is stable, then rkpE2, θ2q  rkpφpE1, θ1qq and φ
is generically surjective unless φ  0.
Corollary 2. Let pE1, θ1q and pE2, θ2q be semistable Higgs bundles over a compact Kähler
manifold pX,ωq such that rkpE1, θ1q  rkpE2, θ2q and degpE1, θ1q  degpE2, θ2q. If pE1, θ1q
or pE2, θ2q is stable, then any nonzero morphism φ : pE1, θ1q Ñ pE2, θ2q is an isomorphism.
Corollary 3. Every stable Higgs bundle pE , θq over a compact Kähler manifold pX,ωq is
simple.
2.2 Hermitian Higgs bundles
In this section we will introduce the notion of a Higgs bundle and present some
results involving Hermitian metrics on them. For this we will denote by X a ndimensional
complex manifold.
Similar to the case of holomorphic vector bundles, in a Higgs bundle pE , θq,
there is a natural differential operator associated to it given by D2  B̄   θ. Moreover,
since θ is holomorphic and B̄2  θ2  0, it easily follows that
pD2q2  B̄2   B̄pθq   θ2  0.
Motivated by this, we define the following class of differential operators that generalize
partial connections.
Definition 10. Let E be a complex vector bundle over a complex manifold X. A partial
Higgs connection on E is a linear operator D2 : ΓpEq Ñ ΓpEq b Ω1X which satisfies
D2pfsq  pB̄fqs  fpD2sq
for all f P C8pXq and s P ΓpEq.
It follows from the definition above that the components of a partial Higgs
connection D2 satisfies
pD2q1,0pfsq  fppD2q1,0sq and pD2q0,1pfsq  pB̄fqs  fppD2q0,1sq
for all f P C8pXq and s P ΓpEq. Thus, we have
D2  B̄   θ (2.1)
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where θ P Ω1,0pEq constitutes the p1, 0qcomponent of D2 and B̄ is a partial connection
constituting the p0, 1qcomponent of D2. As for covariant exterior derivatives, we can
extend D2 to Ωp,qpEq using the partial Leibniz rule, and see that pD2q2 is a tensor that can
be identified as an element of Ω2pEndEq. We call a partial Higgs connection integrable if
it comes from a Higgs bundle structure on E, and like in the case of holomorphic bundles,
we have the following result for integrability of partial Higgs connections.
Proposition 5. A partial Higgs connection D2 on a complex vector bundle E over a
complex manifold X is integrable if and only if pD2q2  0.
Proof. As we have seen above, pD2q2 always vanishes for integrable partial Higgs connec-
tions. On the other hand, if pD2q2  0, then by (2.1) we have
0  pD2q2  pB̄q2   B̄pθq   θ2.
Since each term of the sum has bidegree p0, 2q, p1, 1q and p2, 0q respectively it follows that
pB̄q2  0 B̄pθq  0 θ2  0.
These are precisely the conditions for B̄ to define a holomorphic structure on E such that
θ is a Higgs field, hence D2 is integrable.
Hence, we see from the result above that the partial Higgs connection D2
associated to a Higgs bundle pE , θq carry all its information, in the same manner a partial
connection B̄ carry all the information of a holomorphic bundle F .
Definition 11. A map between Higgs bundles pE1, θ1q and pE2, θ2q over X is a holomorphic
vector bundle map φ : E1 Ñ E2 such that the following diagram is commutative:
E1 E2




If pE1, θ1q and pE2, θ2q are Higgs bundles, then we have a natural Higgs field θ12
on HompE1, E2q defined by
pθ12φqpsq  pφb Idqpθ1psqq   θ2pφpsqq,
for all φ P ΓpHompE1, E2qq and s P ΓpE1q. This, on the other hand, induces a partial Higgs
connection on HompE1, E2q given by
pD212φqpsq  pφb IdqpD21psqq  D22pφpsqq,
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for all φ P ΓpHompE1, E2qq and s P ΓpE1q. Using the bidegree decomposition, we have that
D212φ  0 ðñ B̄12φ  0 and θ12φ  0,
where B̄12 is the partial connection associated to the holomorphic structure of HompE1, E2q.
Hence, we conclude that φ P ΓpHompE1, E2qq is a Higgs bundle map if and only if φ P
kerD212.
Recall that a Higgs bundle pE , θq is simple if every Higgs endomorphism of
pE , θq is a homotety. Following the discussion above, one has the following corollary.
Corollary 4. A Higgs bundle pE , θq is simple if and only if kerD2End E  C.
As we will see later, this result have a nice analytical implication once we
provide the Higgs bundle with a Hermitian metric.
Let pE , θq be a Higgs bundle over a complex manifold X. If H is an Hermitian
metric on E we call the triple pE , θ,Hq a Hermitian Higgs bundle over X. Similar to the
case of holomorphic vector bundles, there is a natural connection involving the holomorphic
structure B̄, the Higgs bundle θ and the Hermitian metric H associated with pE , θ,Hq.
The Hitchin-Simpson connection of pE , θ,Hq is defined as
DH  ∇H   θ   θ, (2.2)
where ∇H is the Chern connection of pE , Hq and θ satisfies
xθs, tyH  xs, θtyH .
Note that θ depends on the metric H and, since B̄θ  0, we have BHθ  0.
Let FH denote the curvature of the Hitchin-Simpson connection DH and F∇H
the curvature of the Chern connection ∇H . Using (2.2) we have that
FH  D2H  p∇H   θ   θqp∇H   θ   θq
 F∇H   θ∇H  ∇Hθ   θ∇H  ∇Hθ
  θ ^ θ   θ ^ θ,
where in the last equation we use that θ2  pθq2  0. Since rθ, θs  θ ^ θ   θ ^ θ and
BHpθq  θ∇H  ∇Hθ and B̄Hpθq  θ∇H  ∇Hθ,
we see that the curvature of DH can be written as
FH  F∇H   BHpθq   B̄Hpθq   rθ, θs. (2.3)
Moreover, considering that BHpθq is of type p2, 0q and B̄Hpθq is of type p0, 2q, we obtain
that
F 1,1H  F∇H   rθ, θs. (2.4)
Chapter 2. Higgs bundles 26
Observe that we can decompose DH  D1H  D2, where
D1H  BH   θ and D2  B̄   θ. (2.5)
Thus, like the Chern connection, one can isolate all the dependence of DH on H to the
operator D1H , so that D2 remains unchanged. Besides, since θ is holomorphic and θ2  0 ,
it follows that pD1Hq2  pD2q2  0, and we have
FH  D1HD2  D2D1H (2.6)
which is similar to case of Chern connection.
Now, assume thatX admits a Kähler form ω, so that pX,ωq is a Kähler manifold,
and denote by Λ the contraction operator dual to the Lefschetz operator. Applying i Λ to
FH and using (2.4), we see that the mean curvature of DH is given by
KH : i ΛFH  K∇H   i Λrθ, θs,
where K∇H  iΛF∇H is the mean curvature of the Chern connection ∇H . Moreover, since
K∇H is Hermitian and
pi Λrθ, θsq   i Λprθ, θsq  i Λrθ, θs,
we conclude that KH is a Hermitian endomorphism of pE,Hq.
Definition 12. Let pE , θq be a Higgs bundle over a Kähler manifold pX,ωq and H a
Hermitian metric on it. We say that H is weak Higgs-Hermite-Einstein (wHHE) if the
trace-free part of the mean curvature of DH , given by
K̃H : KH  trpKHqrk E  IdE ,
vanishes. Moreover, if trpKHq is constant we say that H is a Higgs-Hemite-Einstein (HHE)
metric.
The following result, which was first presented in (SIMPSON, 1988, Lemma
3.1(a)), generalize the Kähler identities for Higgs bundles and is the main reason to set
the Hitchin-Simpson connection as we defined.
Lemma 2. Let pE , θ,Hq be a Hermitian Higgs bundle over a Kähler manifold pX,ωq.
Then, the Hitchin-Simpson connection DH satisfies
pD1Hq:  irΛ, D2s and pD2q:   irΛ, D1Hs,
where pD1Hq: : ̄D1H ̄ and pD2q: : ̄D2̄. When X is compact pD1Hq: and pD2q: are the
formal L2adjoints of D1H and D2.
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Proof. Consider normal coordinates pz1, . . . , znq and an unitary frame te1, . . . , eku around
x P X. In this setting we have
irΛ, dzis  pdz̄iq: and  irΛ, dz̄is  pdziq:,
because ω  i2p
ņ
i1
dzi ^ dz̄iq. Thus, using that θ 
¸
Aidz




matrix-valued functions Ai, we obtain
irΛ, θs 
¸
Ai irΛ, dzis  pθq: and  irΛ, θs  
¸
Ai irΛ, dz̄is  pθq:.
By the standard Kähler identities, we know
pBHq:  irΛ, B̄s and pB̄q:   irΛ, BHs,
hence using linearity we can sum both set of equations above and obtain our result.
It follows from the lemma above that
∆DH : D:HDH  ppD1Hq:   pD2q:qpD1H  D2q  i ΛD2D1H  i ΛD1HD2
 pD1Hq:pD1Hq   pD2q:pD2q  ∆D1H  ∆D2 .
Moreover, we have from (2.6)
KH  i ΛpD1HD2  D2D1Hq  ∆D1H ∆D2 .






2  12∆DH 
1
2KH . (2.7)









2rKH , s. (2.8)
Therefore, if H is weak Higgs-Hermite-Einstein, we see that both operators coincide.
Now, let H1, H2 be Hermitian metrics on a Higgs Higgs pE , θq and denote by
H11 H2 the positive Hermitian endomorphism satisfying
H2pu, vq  H1pH11 H2u, vq (2.9)
for all u, v P E. Since the exponential maps diffeomorphically the set of Hermitian matrices
to the set of positive Hermitian matrices, we know there is s P C8pX, i supE,Hqq such
that es  H11 H2. Thus computing how the Hitchin-Simpson connection change when
associated with H2 we have
D1H2  BH2   θH2  BH1   es BH1pesq   es θH1 es (2.10)
 D1H1   esD1H1pesq.
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Using (2.6) and applying i Λ to it we obtain
KH2  KH1   i Λ
 
esD1H1pesqD2  D2 esD1H1pesq
  KH1  D2 esD1H1pesq. (2.11)
To end this section we will show some interesting results where the theory for
holomorphic extends to the case of Higgs bundles.
Lemma 3. Let pE , θ,Hq be a Hermitian Higgs bundle over a compact Kähler manifold






for every trace-free s P ΓpEndEq.






Thus, using that pE , θq is simple, we see that ker ∆D2  kerD2  tC  Idu. Since ∆D2 is
selfadjoint and elliptic, we know that it has a nonnegative discrete spectrum. Hence, if s is
trace-free, we have s K tC  Idu which implies that»
X




for λ1 the first eigenvalue of ∆D2 . The result follows from both equations above.
Before we proceed to the next result, we remember that a kform α P ΩkpXq
is called primitive if Λα  0. Analogously, we call a bundle valued kform s P ΩkpEq
primitive if Λs  0. Next is a Higgs bundle version of the Bogomolov inequality first
proved in (SIMPSON, 1988, Proposition 3.4).
Lemma 4. Let pE , θ,Hq be a Hermitian Higgs bundle over a compact Kähler manifold
pX,ωq, if denote by F̃KH the primitive part of F̃H then there is a constant C ¡ 0 such that





^ ωn2  C |F̃KH | |K̃H | vol,
where r  rk E and cipHq are the Chern forms associated to the Hitchi-Simpson connection
DH .
Finally, we have one of the main theorems on Higgs bundles, which was proven
by Simpson in (SIMPSON, 1988), extending the Hitchin-Kobayashi correspondence to this
setting.
Theorem 6 (Simpson). Let pE , θq be a Higgs bundle over a compact Kähler manifold
pX,ωq. If pE , θq is stable then it admits a HHE metric.
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2.3 Formulas for the mean curvature and its derivative
Let pE , θq be a Higgs bundle, H0 a fixed Hermitian metric, ∇0  ∇H0 its
associated Chern connection and D0  ∇0   θ   θ the connection altered by the Higgs
field. In what follow we will compute how the mean curvature behave under a change of
metric, these results are based on (LüBKE; TELEMAN, 2006, Section 6.1) and (JACOB;
WALPUSKI, 2018, Appendix A).
If s P ΓpisupE,H0qq then H : H0 es defines a Hermitian metric on E and an
isometry es{2 : pE,Hq Ñ pE,H0q. If ∇s and Ds are the associated connections on pE,Hq
then we will denote by ∇̃s and D̃s their push-forward by es{2. Set
Kpsq : Adpes{2qK̃H0 es  iΛFD̃s ,
where Adpesq denotes the Lie group action given by conjugation with es.
Proposition 6. The following formula holds













where ads denotes the Lie algebra action of s given by commuting with s and Υpsq,Θpsq P




and Θpsq : Υps{2q  Υps{2q2 . (2.12)
Proof. Since D1s  D10   esD10pesq and D2s  B̄   θ, we have
D̃1s  es{2pD10   esD10pesqq es{2
 D10   es{2D10pes{2q   es{2D10pesq es{2
 D10   es{2D10pes{2q
(2.13)
and
D̃2s  es{2pB̄   θq es{2
 B̄   es{2 B̄pes{2q   es{2 θ es{2
 D20 D20pes{2q es{2 .
(2.14)
Using
dx exppyq  pΥpxqyq ex  expΥpxqyq, (2.15)
it follows that
D̃s  D0   12Υps{2qD
1s 12Υps{2qD
2s.
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Thus we obtain


















Applying iΛ and using the first two items of Equation 2.8, it follows that
Adpes{2qK̃H0 es  K̃H0  
1
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2ppΥps{2qŝq es{2q  pD2 es{2q es{2pΥps{2qŝqq
 12pD






























 14riΛFD̃s , pIdAdpe
s{2qqΥps{2qŝs
Proposition 8. The following formula holds
xKpsq KH0,θ, sy  xiΛD2pesD10 esq, sy 
1
4∆|s|
2   12 |υpsqD0s|
2




Proof. This is a computation
xiΛD2pesD10 esq, sy  xiΛD2pΥpsqD10sq, sy
 iΛB̄xΥpsqD10s, sy   iΛxΥpsqD10s, B0sy   iΛxrθ,ΥpsqD10ss, sy
 iΛB̄xB0s, sy   iΛB̄xΥpsqrθ0 , ss, sy
  iΛxΥpsqD10s, B0sy   iΛxrθ,ΥpsqD10ss, sy
 14∆|s|
2   iΛB̄xrθ0 , ss, sy   iΛxΥpsqD10s,D10sy
 14∆|s|
2   12 |υpsqD0s|
2.
2.4 The Donaldson’s functional for Higgs bundles
Here we will consider the Donaldson functional on Higgs bundles. After defining
the functional, we will present some of its main properties that will be useful further in
the text.
Let pX, g, Iq be a compact Kähler manifold and pE , θq a Higgs bundle over X.














Chapter 2. Higgs bundles 32
where s  logpH1Kq. This functional first appeared in (DONALDSON, 1985) where it
was used to prove the existence of HE metrics for algebraic surfaces. It plays an important
role in Donaldson’s method since its minimal points correspond to HHE metrics and the
gradient flow associated to it is given by Donaldson’s heat flow. Although we don’t use
Donaldson’s method in this text, some of the functional’s properties will be useful when
computing the a priori estimates.
This first result, whose proof can be found in (SIMPSON, 1988, Proposition
5.1), shows an additive property forM.
Lemma 5. If H1, H2, H3 are Hermitian metrics we have
MpH1, H3q MpH1, H2q  MpH2, H3q.
Next we have an upper bound for the functional whose proof can be seen in
(DONALDSON, 1987, Lemma 24).
Lemma 6. There is a constant C ¡ 0 such that for any Hermitian metric H and
s P C8pX, isupE,Hqq we have




Lastly, we have this lower bound for the functional whose proof can be found
in (SIMPSON, 1988, Proposition 5.3).
Lemma 7. If H is a HHE metric then
‖s‖L2  1 ¤ CMpH,H esq,
where C ¡ 0 is a constant that doesn’t depend on the metric H.
2.5 Higgs bundles over K3 surfaces
Motivated by the last example of section 1.3, in this section we will discuss
examples of Higgs bundles over K3 surfaces. With this we aim to reproduce the same
construction in the case of Spinp7qinstantons.
As we have seen, we have an ACyl Calabi-Yau 4foldW T 2 with cross-section
X  T 2, for a K3 surface X, and over W  T 2 we have an ATI holomorphic Higgs bundle
pE , θq (trivial along T 2) asymptotic to a Higgs bundle pEXT 2 , θXT 2q (also trivial along
T 2). In this setting, the existence of an HHE metric is assured if one has stability for
the bundle pEXT 2 , θXT 2q. Hence to obtain examples of Spinp7qinstantons, we need to
know examples of stable Higgs bundles over X  T 2.
The following theorem, due to Biswas et al., characterizes all HHE metrics in
the context of Calabi-Yau manifolds and helps understanding possible examples.
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Theorem 7 ((Biswas et al., 2016, Theorem 3.3)). Let pE , θq be a polystable Higgs bundle
over a compact Calabi-Yau manifold X and suppose that H is a Higgs-Hermitian-Einstein
metric. Then H is a Hermite-Einstein metric for E.
In particular, we conclude from the theorem above that every holomorphic
bundle E underlying a polystable Higgs bundle pE , θq is also polystable.
Returning to our case, since the Higgs bundle pEXT 2 , θXT 2q is T 2 invariant,
the Higgs field has the form
θXT 2  Tdz, (2.17)
where T P EndpEq. Moreover, since W  T 2 is Calabi-Yau, it follows from Theorem 7 that
the vector bundle EXT 2 is polystable. Hence we have
EXT 2  E1 `    ` Ek,
where each Ei is a stable holomorphic vector bundle, all with the same slope.
Decomposing the endomorphism T in components Tij : Ei Ñ Ej we obtain a
collection of maps between stable vector bundles of same slope. It follows from Proposition 4
that each Tij is either zero or an isomorphism, hence either every Tij is zero or there is i, j
such that Tij is an isomorphism. It follows that we can identify the isomorphic summands
and write without loss of generality
EXT 2  E`m11 `    ` E`mll ,





pT1q 0    0
0 pT2q    0
... ... . . . ...
0 0    pTlq


where each pTiq is a mi mi matrix. This means that each pair pE`mii , Tidzq is a Higgs
subbundle of pEXT 2 , θXT 2q. Thus, since they have the same slope, by stability we must
have pEXT 2 , θXT 2q  pE`m11 , T1dzq.
Recalling that a stable Higgs bundle is also simple as a Higgs bundle (see
Corollary 3) and using the fact that T1 commutes with T1dz, we see that T1  λ  Id.
Therefore we have the following result:
Proposition 9. If pEXT 2 , θXT 2q is a T 2 invariant stable Higgs bundle then θXT 2 
λ  Id dz.
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3 ACyl geometry
In this chapter I will provide the basic background about ACyl Kähler manifolds,
ATI bundles and ATI Hermitian metrics. The goal is to introduce the main definitions and
results used in the solution of the HHE problem. Our main references for this chapter are
(HASKINS; HEIN; NORDSTRöM, 2015), (CORTI et al., 2013) and (CORTI et al., 2015).
3.1 ACyl Kähler manifolds
In this section we introduce some notations and the basic definitions related to
ACyl manifolds. The content present here is mostly based on (JACOB; WALPUSKI, 2018;
EARP, 2018).
Before we define ACyl manifolds, let us remind that we call a cylinder any
manifold of form pa, bq  X, where pa, bq is a connected open subset of R and X is a
closed manifold. Moreover, we denote by l the coordinate function given by the projection
p1 : pa, bqX Ñ pa, bq and by p2 : pa, bqX Ñ X the projection on X. For a vector bundle
EX over X, we will often denote by E its pullback by p2 and for a section sX P ΓpEXq
we will denote by s the corresponding pullback.
Due to their geometric simplicity, cylinders have at their disposal various tools
to treat analytical problems, unlike most of the other non-compact manifolds. Based on
this, the following definition tries to extend the use of such tools to a more general setting.
Definition 13. A manifold W is said to have tubular end if there is a diffeomorphism
π : W zK Ñ R¡1 X, where K is a compact subset of W and R¡1 X a cylinder. In this
case, we call W zK the cylindrical end of W , π the tubular model and X the asymptotic
cross-section.
If W have tubular end, we can smoothly extend l  π : W zK Ñ R¡1 to a
function, which we will denote by l : W Ñ R¥0, such that l ¤ 1 on K. For L ¥ 1, we
define the truncated manifold
WL : l1pr0, Lsq.
Since a cylinder may have many connected components, one for each components
of X, a manifold with tubular end may have many topological ends. The following theorem
shows that the situation is much more simple in the setting of Ricci-flat manifolds.
Theorem 8 ((SALUR, 2006, Theorem 1)). If a connected and orientable manifold W
have tubular end and admits a Ricci-flat metric, then the number of topological ends of
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W is less than or equal to 2. Moreover, the number is equal to 2 if and only if W is a
cylinder.
Thus, since we are mostly interested in manifolds with special holonomy which
are not cylinders, we will assume henceforth that our cross-section X is connected so that
W has only one topological end. Now that this topological inconvenience has been settled,
we may introduce the notion of asymptotic behaviour to the tubular setting.
Definition 14. Let E be a vector bundle over a manifold with tubular end W and
EX a vector bundle over X. We say that E is asymptotic to EX if there is a bundle
isomorphism π̄ : E|W zK Ñ E covering the tubular model π. We call a vector bundle
E Ñ W asymptotically translation-invariant if it is asymptotic to some vector bundle over
X.
Now, suppose that E Ñ W is asymptotic to EX and let H be the pullback
of a metric HX on EX . We say that s P ΓpEq is asymptotic to sX P ΓpEXq at rate δ ¡ 0
(s δù sX) if for all k P N there is Ck ¡ 0 such that
|∇kHpπs sq|H ¤ Ck eδl .
Note that, since X is compact, the definition doesn’t depend on the choice of HX . We say
that s is aymptotic to sX (sù sX) if s δù sX for some δ ¡ 0. Finally, we call s P ΓpEq
asymptotically translation-invariant (ATI) if sù sX for some sX P ΓpEXq.
For a manifold W with tubular end, the diffeomorphism π : W zK Ñ R¡1 X
clearly defines a bundle isomorphism π̄ : T pW zKq Ñ TR¡1  TX. Hence, using that
TR¡1  TX  p2pX  R` TXq,
it follows that TW is an asymptotically translation-invariant bundle asymptotic to X 
R` TX. Moreover, since bundle operations preserves this construction, this also implies
that the tensor bundle T r,sW is asymptotic to brpX R` TXq bs pX R` TXq. With
this in mind, we will always use this setting when dealing with ATI tensors over W .
Following the notation described above, we can finally define ACyl Kähler
manifolds.
Definition 15. A Kähler manifold pW, g, Iq is called asymptotically cylindrical (ACyl) if
W has a tubular end diffeomorphic to R¡1  S1 X for some compact Kähler manifold
pX, gX , IXq such that






where pl, sq are the canonical coordinates on p0,8q  S1 which we shall identify with C.
The greatest δ ¡ 0 such that the above decays hold is called the decaying rate of pW, g, Iq
and is denoted by δW .
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Identifying p1,8q  S1 with a subset of C, we define
Xz : π1ptzu Xq,
for all |z| ¡ 1.
Now that we have the notion of a ACyl Kähler manifold, we can extend the
definition of ATI bundle to Higgs bundles. For this recall that for a Higgs bundle pE , θq we
denote by E the underlying smooth vector bundle and by B̄ the complex structure.
Definition 16. A Higgs bundle pE , θq Ñ W is called asymptotically translation-invariant
(ATI) if E Ñ W is asymptotic to EX Ñ X for some Higgs bundle pEX , θXq such that
B̄ù B̄X and θù θX .
In this case we also say that pE , θq Ñ W is asymptotic to pEX , θXq. The greatest δ ¡ 0
such that the above decays hold is called the decaying rate of pE , θq and is denoted by δpE,θq.
Finally, we define asymptotically translation-invariant metrics.
Definition 17. A Hermitian metric H on a ATI vector bundle E Ñ W asymptotic to
EX Ñ X is called asymptotically translation-invariant (ATI) if
H ù HX
for some Hermitian metric HX on EX .
3.2 Functional analysis on ACyl manifolds
In this section we introduce all the analytical tools related to ACyl manifolds
that will be used posteriorly. The primary references for the material in this section are
(LOCKHART; MCOWEN, 1985; HASKINS; HEIN; NORDSTRöM, 2015; PACINI, 2013).
Let’s start fixing an ATI Higgs bundle pE , θq Ñ pW, g, Iq asymptotic to
pEX , θXq Ñ pX, gX , IXq and an ATI Hermitian metric H asymptotic to HX . For each








where ∇i denotes the tensor powers of the Chern connection induced by H and the
Levi-Civita connection induced by g.
Now, since pW, g, Iq has bounded geometry, its injectivity radius ιpgq is positive.
If we denote by Px,y the parallel transport of ∇ along the only geodesic joining x to y (
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|spxq  P x,yspyq|
dpx, yqα .
Hence we define, for k P N and 0   α ¤ 1, the Hölder space








Although the Hölder spaces are the classical Banach spaces to study regular
solutions of PDE’s, in the context of ACyl manifolds we need a more restricted class of
spaces. Hence we consider the following function spaces.
Definition 18. We define, for k P N, 0   α   1 and δ ¡ 0, the weighted Hölder space
Ck,αδ pEq :
!














Denoting by isupE,Hq the bundle of self-adjoint endomorphisms of pE,Hq, we define
Ck,αδ pisupE,Hqq and C8δ pisupE,Hqq in a similar manner.









Although it simpler to compute since it doesn’t involve derivatives of eδl, the following
result shows that these are in fact equivalent.





Proof. First, we need to estimate eδl and its derivatives. Observe that
∇kpeδlq  eδl Pkpδ∇l, . . . , δ∇klq,
where Pnpx1, . . . , xnq is a polynomial (with positive coefficients) satisfying the recursion
P0  1 and Pnpx1, . . . , xnq  x1Pn1px1, . . . , xn1q  
n1̧
k1
BkPn1px1, . . . , xn1qxk 1.
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Since in the tubular model the function l is the projection, which grows linearly along the
tube, we have ‖l‖Ck,α   8 for all k P N, 0   α ¤ 1. Hence,
|∇kpeδlq| ¤ eδl Pkpδ|∇l|, . . . , δ|∇kl|q
¤ ck eδl,
for ck  Pkpδ‖l‖Ck , . . . , δ‖l‖Ckq.















































On the other hand, notice that
|eδl∇s| ¤ |∇peδl sq|  |δ eδlp∇lqs| ¤ |∇peδl sq|  c1|eδl s|,
implies
‖eδl∇s‖C0 ¤ pc1   1q‖s‖C1,α
δ
.
Thus, using Lemma 16 and induction, we conclude that
































We start by adapting Arzelà-Ascoli theorem to the context of ACyl manifolds.
For this, let E Ñ W be an ATI bundle
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Lemma 9. For all k P N the inclusion
Ck 1δ pEq ãÑ CkpEq
is compact.
Proof. To show that the inclusion is compact we will show that the ball
Br  ts P Ck 1δ pEq : ‖s‖Ck 1
δ
¤ ru
is sequentially compact in the Ck norm. So let tsnunPN be a sequence contained in Br and
fix L ¥ 1. Since WL is compact and ‖sn‖Ck ¤ ‖sn‖Ck 1
δ
¤ r, it follows from Theorem 18
that tsnunPN admits a subsequence tsn0un0PN that converges in Ck over WL. Repeating
this process inductively, we obtain a chain of sequences tsn0un0PN      tsniuniPN  . . .
such that tsniuniPN converges in Ck to some s̃i over WL i. By uniqueness of the limit, we
have s̃i  s̃0, further |s̃0| ¤ r el by point-wise convergence.
Now, let tsmumPN be the diagonal sequence whose mth term is the mth term
of the mth subsequence. Given ε ¡ 0 we have
|s̃0  sm| ¤ |s̃0|  |sm| ¤ 2r eδl   ε2
for l ¡ δ1 lnpε{4rq. Moreover, there is Mε P N such that
‖s̃0  sm‖Ck  
ε
2 @m ¥Mε
over Wδ1 lnpε{4rq. Thus,
‖s̃0  sm‖Ck   ε @m ¥Mε
which implies that tsmumPN converges in Ck to s̃0.
Now, we will present some results on asymptotically translation-invariant
operators on ACyl manifolds. This first result is a combination of (HASKINS; HEIN;
NORDSTRöM, 2015, Proposition 2.7) and (JACOB; WALPUSKI, 2018, Proposition 2.7).
Proposition 10. Let pW, g, Iq be an ACyl Kähler manifold and take C  minpδW ,
a
λ1q,
where λ1 ¡ 0 is the smallest eigenvalue of the Laplacian acting on functions. Then, for all
0   δ   C, the linear map ∆ : Ck 2,αδ pW q ` R Ñ Ck,αδ pW q is injective and its image is
the subspace of mean value zero functions. Moreover, if we consider the map
pf, Aq ÞÑ ∆f  A∆l,
then we obtain an isomorphism.
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Next we have sufficient condition for Fredholm operators. For this we recall
that δ P R is called a critical weight of an ATI elliptic operator Ψ : ΓpEq Ñ ΓpF q if there
is λ P R such that
Ψpepδ iλql fq  0
admits a non-zero solution. Here Ψ denotes the translation-invariant operator that Ψ is
asymptotic to. Now, we can state the result.
Proposition 11 ((HASKINS; HEIN; NORDSTRöM, 2015, Proposition 2.4)). Let Ψ :
ΓpEq Ñ ΓpF q be an elliptic ATI operator of order r. If δ is not a critical weight of Ψ then
the induced linear map Ψ : Ck r,αδ pEq Ñ Ck,αδ pF q is Fredholm.
Using a formula for computing the index of ATI operators, we have the following
result due to Lockhart and McOwen.
Theorem 9 ((LOCKHART; MCOWEN, 1985, Theorem 7.4)). Let Ψ : ΓpEq Ñ ΓpEq be
a selfadjoint ATI elliptic operator and take ε ¡ 0 such that Ψ : Ck r,αδ pEq Ñ Ck,αδ pF q is
Fredholm for ε ¡ |δ| ¡ 0. Then, if Ψ is Fredholm for δ  0 we have that its index is 0.
Finally, we show that for δ small the Laplacian ∆DH is Fredholm of index 0,
adapting (JACOB; WALPUSKI, 2018, Proposition 2.8) for Higgs bundles.
Proposition 12. Suppose that pEX , θXq is a stable Higgs bundle with HHE metric HX .
Then there is C  CpHXq ¡ 0 such that for all |δ|   C the linear operator ∆DH :
Ck 2,αδ pW, i supE,Hqq Ñ Ck,αδ pW, i supE,Hqq is Fredholm of index zero.
Proof. We use the same ideas in (JACOB; WALPUSKI, 2018, Proposition 2.8). First,
notice that ∆DH is asymptotic to the translation-invariant linear operator
B2l  B2s  ∆DHX
acting on sections of i supE, Hq. Thus, using that HX is HHE and (2.8), we have
1
2∆DHX  ∆D1HX  ∆D2HX .
Now, since
pEX , θXq
is stable, we know that pEX , θXq is simple which is equivalent to ∆D2HX being invertible.
Hence, using the ellipticity and compactness of ∆DHX , we see that the spectrum of
B2θ   ∆DHX is contained in rC2,8q, for some C  CpHXq ¡ 0. This means that each
|δ|   C is not a critical weight, so ∆DHX are Fredholm for each |δ|   C by Proposition 11.
Since ∆DHX is formally self-adjoint and 0 is not a critical weight, the index is zero by
Theorem 9.
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3.3 Manifolds and bundles with bounded geometry
One of the main characteristics of ACyl manifolds is that they have a bounded
geometry. This gives them an uniform geometric control which allow us to do analysis
without having to worry about local results not extending globally. Most of this section is
based on (GROSSE; SCHNEIDER, 2013) and (SCHICK, 2001).
Definition 19. A Riemannian manifold pX, gq is said to be of bounded geometry if the
following two conditions are satisfied:
• The injectivity radius injpXq of pX, gq is positive;
• For all k P N there is Ck ¡ 0 such that
|∇kR| ¤ Ck,
where ∇ is the Levi-Civita connection, R the Riemannian curvature and || the norm
all induced by g.
It follows from the first condition that a manifold with bounded geometry
pX, gq is always complete. Moreover, we have for any R   injpXq a special atlas formed
by geodesic coordinates over balls of radius R.
Definition 20. A geodesic atlas on a Riemannian manifold pX, gq is an atlas A 
tpUα, φαqu where each Uα is a geodesic ball of radius r, for a fixed 0   r   injpXq, and
each φα : Uα Ñ Rn is a geodesic coordinate around Uα.
Every Riemannian manifold with bounded geometry can be covered by geodesics
atlas by the first condition. Besides that, using the uniform bounds given by the second
condition, we have the following result which gives a coordinate-wise description of bounded
geometry.
Theorem 10 ((EICHHORN, 1991, Theorem A)). Let pX, gq be a manifold with bounded
geometry and A a geodesic atlas. Then for each k P N there is Ck ¡ 0 such that
|DγΓlij| ¤ Ck,
for all multi index |γ| ¤ k. Here Γ denotes the Christoffel symbols in normal coordinate.
With this result any analytical estimate can be locally translated from a ball
BRp0q  Rn to a geodesic ball in BRpxq  X. Now we shall extend the theorem above for
vector bundles, for this we need the notion of bounded geometry for bundles too.
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Definition 21. A Hermitian vector bundle pE , Hq over a complex manifold with bounded
geometry pX, g, Iq is said to be of bounded geometry if for all k P N there is Ck ¡ 0 such
that
|∇kHF∇H | ¤ Ck,
where ∇k is the connection induced by g and H, F∇H the Chern connection curvature and
|| the norm induced by g and H.
As in the case of geodesic atlas, for vector bundles with bounded geometry we
also have a standard way to obtain trivializations using a geodesic atlas and the parallel
along geodesic rays.
Definition 22. Let pE , Hq be a Hermitian vector bundle with bounded geometry over
pX, g, Iq and let A  tpUα, φαqu be a geodesic atlas. If φα : Uα Ñ Rn is a normal
coordinate denote by xα the center of Uα. For every Uα in the atlas we can define a
trivialization ψα : E |Uα Ñ Uα  Ck by taking the parallel transport of vectors in Exα along
radial geodesics using the connection ∇H . We call this type of trivialization a synchronous
trivialization, and we say that AE  tpUα, φα, ψαqu is a geodesic atlas of E.
Having defined the appropriate trivializations, we can now enunciate a theorem
similar to Theorem 10 for vector bundles.
Theorem 11 ((EICHHORN, 1991, Theorem B)). Let pE , Hq be Hermitian bundle with
bounded geometry over a complex manifold with bounded geometry pX, gq and let AE denote
a synchronous trivialization associated to a geodesic atlas A. Then for each k P N there is
Ck ¡ 0 such that
|DγAlij| ¤ Ck,
for all multi index |γ| ¤ k. Here A denotes the connection matrix in the synchronous
trivialization.
It follows from the theorem above that on normal coordinates, we can use the
Ck,α norm on the ball Brp0q in the euclidean space to estimate the Ck,α norm in E and
the other way around, we can use the Ck,α norm in E to estimate the corresponding Ck,α
norm on the ball Brp0q. Hence we have the following corollary.
Corollary 5. Let E Ñ X be a vector bundle with bounded geometry and denote by
φx : Brpxq Ñ Brp0q the normal coordinates around x P X for r   injpXq. For all k P N
and α P p0, 1s we have constants ak,α, bk,α ¡ 0 such that
ak,α|s|Ck,αpBrpxqq ¤ |φxs|Ck,αpBrp0qq ¤ bk,α|s|Ck,αpBrpxqq (3.3)
for any s P ΓpEq.
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Let L : C8pEq Ñ C8pEq be a linear differential operator of order m on a
bundle with bounded geometry E Ñ X. Using a geodesic atlas AE  tpUα, φα, ψαqu we
44
4 Weak Higgs-Hermite-Einstein metrics on
ATI bundles over ACyl manifolds
The main purpose of this chapter is to establish the existence of weak HHE
metrics for ATI Higgs bundles over ACyl Kähler manifolds. As discussed previously
in subsection 1.4.1, HHE metrics play an important role in obtaining examples of
Spinp7qinstantons. And ATI Higgs bundles are a natural setting to study the existence
of those metrics, having in mind the previous works (EARP, 2015; JACOB; WALPUSKI,
2018). Thus, assuming a stability condition for the bundle at infinity, we prove the following
theorem
Theorem 12. Let pW, g, Iq be an ACyl Kähler manifold with cross-section pX, gX , IXq and
pE , θq Ñ W an ATI Higgs bundle asymptotic to a Higgs bundle pEX , θXq Ñ X. If pEX , θXq
is stable then pE , θq admits an asymptotically translation-invariant Higgs-Hermite-Einstein
metric.
To prove this result, we use the continuity method introduced by Uhlenbeck and
Yau (UHLENBECK; YAU, 1986) in their proof of the Hitchin-Kobayashi correspondence.
More recently, this method was adapted by Jacob and Walpuski in (JACOB; WALPUSKI,
2018) to the context of ATI holomorphic bundles over ACyl Kähler manifolds. Guided
by this last work, we extend the method to the setting of ATI Higgs bundles which we
describe below. For a systematic and self-contained reference on the Kobayashi-Hitchin
correspondence and the continuity method involved, we refer the reader to the book of
Lübke and Teleman (LüBKE; TELEMAN, 1995).
We start considering an ATI Higgs bundle pE , θq over an ACyl Kähler manifold
pW,ωq which is asymptotic to a stable Higgs bundle pEX , θXq Ñ pX,ωXq. Using the
stability condition, we are able to construct a Hermitian metric H0 on E which asymptotic
to a HHE metric on EX . With it we define a PDE Lps, tq  0 (thought as a family in
t P r0, 1s of PDEs) for sections s P C8δ pW, isupE,H0qq such that Lps, 0q  0 is precisely
the condition for H0 es be a weak HHE metric. The proof then follow 3 steps.
First, using a trick discovered by Itoh and Nakajima (ITOH; NAKAJIMA,
1990), we show that Lps, tq  0 admits a solution for t  1. Then, linearising the equation
and applying the implicit function theorem, we prove that the set of t P r0, 1s satisfying
Lps, tq  0 is open. Finally, we compute a priori estimates obtaining uniform Ck,αδ bounds
which guarantees that the set is also closed. Thus, the set is the whole interval and we
conclude that the bundle pE , θq admits a weak HHE metric.
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4.1 The continuity method
In this section we begin the proof of Theorem 12 introducing the continuity
method. After fixing some definitions and presenting our PDE Lps, tq  0, we prove that
it admits a solution for t  1. Let us start by settling our framework.
Let pW, g, Iq be an ACyl Kähler manifold with cross-section pX, gX , IXq and
pE , θq an ATI Higgs bundle asymptotic to a stable Higgs bundle pEX , θXq. Fixing a
Hermitian metric H0 in E , let D0  D10  D20  ∇H0   θ   θ denote the Hitchin-Simpson
connection of pE , θ,H0q, F0 the curvature of D0 and K0 the mean curvature. For any other
metric H on E there is s P C8pW, isupE,H0qq, the space of H0self-adjoint endomorphisms
of E, such that Hpu, vq  H0pes u, vq for all u, v P ΓpEq. Moreover, using (2.11), we have
the mean curvature associated to H given by





Since we are looking for H satisfying the weak HHE condition
KH  trKHrkE  IdE,
setting
K̃H : KH  trKHrkE  IdE





Thus we obtain a PDE on s whose solution is precisely the condition for H  H0 es satisfy
the weak HHE condition. To solve this equation we use the continuity method which




  t  s  0, (4.1)
for t P r0, 1s. Although this may seem counter intuitive, the equation above is easier to
solve, and once a solution is obtained, its restriction for t  0 gives our desired result.
For future applications, we will be interested in solutions of (4.1) having an
exponential decay. Thus we will need to change the PDE above to accommodate this
restriction to the solution space. Denote by δW , δE,θ the decaying rates of pW, g, Iq, pE , θq
(see Definition 15 and Definition 16), by λX the first eigenvalue of the Laplacian on
pX, gX , IXq, and fix
0   δ   mintδW , δE,θ,
a
λXu.
We will call an ATI metric H on E a reference metric if it satisfies
K̃H P C8δ pW, i supE,Hqq. (4.2)
The existence of such metrics is guaranteed by the following lemma.
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Lemma 10. The bundle pE , θq admits a reference metric.
Proof. Since pEX , θXq is stable, it follows from Theorem 6 that pEX , θXq admits a HHE
metric HX . Denoting by H its pullback over the translation invariant bundle pE, θq
(see Definition 16), define
H 1  φ H   p1 φq H,
where H is a Hermitian metric over E and φ is a bump function satisfying
φ|W0  1 and φ|W zW1  0.
By construction we have that H 1  H over W zW1, hence it is ATI and satisfies
K̃H 1  K̃H  πK̃HX  0 over W zW1.
Therefore H 1 is a reference metric on E.
Now that we have a reference metric, we may adjust (4.1) to the case of metrics
with exponential decay. For a reference metric H on pE , θq, consider the map
L : C8δ pW, i supE,Hqq  r0, 1s Ñ C8δ pW, i supE,Hqq
given by
Lps, tq : Adpes{2qK̃H es   t  s, (4.3)
and set
I : π2pL1p0qq, (4.4)
where π2 : C8δ pW, i supE,Hqq  r0, 1s Ñ r0, 1s is the projection onto the second factor.
Remark 1. As discussed in section 2.3, if we consider the map es{2 : pE,H esq Ñ pE,Hq
then the push-forward of the Hitchin-Simpson connection DH es gives a connection D̃H es
such that
iΛωFD̃H es  Adpes{2qK̃H es .
Hence, since es{2 is an isometry, this means that Adpes{2qK̃H es is also Hself-adjoint.
Moreover, since es δù Id, it follows that Adpes{2qK̃H es has asymptotic decay. Hence L is
indeed a well-defined map.
It is clear from the definition of I that 0 P I if and only if K̃H es  0 for some
s P C8δ pW, i supE,Hqq which is precisely the condition for H es to be a weak HHE metric
(Definition 12). Hence, if one shows that 0 P I, the existence of weak HHE metrics is
established. With this in mind, the rest of the chapter is dedicated to prove is non-empty,
open and closed, thus showing that I  r0, 1s.
The following result is the first step in proving that I  r0, 1s. For this we will
show that after a particular change of reference metric one can obtain 1 P I. The idea of
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the proof follows a trick introduced by Itoh and Nakajima (ITOH; NAKAJIMA, 1990,
page 440).
Proposition 13. There exists a reference metric H0 and a Hermitian endomorphism
s1 P C8δ pW, isupE,H0qq such that Lps1, 1q  0.
Proof. Let H be the reference metric asymptotic to the HHE metric HX which was
constructed in the proof of Lemma 10, and take
H0 : H eK̃H .
Since H δù HX , one can easily see that H0 δù HX . Moreover, K̃H P C8δ pW, i supE,Hqq
implies that K̃H0 P C8δ pW, i supE,H0qq (since eK̃H δù Id). Thus H0 is a reference metric.
Now, take
s1 : K̃H .
Then H0  H es1 and, since s1 commutes with es1 , we have
xs1  u, vyH0  xes1 s1  u, vyH  xs1 es1 u, vyH
 xes1 u, s1  vyH  xu, s1  vyH0 ,
for all u, v P ΓpEq. Thus s1 P C8δ pW, i supE , H0qq and satisfies
Lps1, 1q  Adpes1{2qpK̃H0 es1 q   s1
 Adpes1{2qpK̃Hq   s1
 s1   s1  0.
Therefore H0 and s1 are the reference metric and endomorphism we were looking for.
Based on this last result, from now on we will fix H0 constructed above as the
reference metric for L. Thus we have 1 P I.
4.2 I is open
Having just proved that I is non-empty, in this section we will show that
IX p0, 1s is open. For this we will use the implicit function theorem for Banach spaces to
show that any solution ps, tq can be extended to a path of solutions pt ε, t  εq for some
ε ¡ 0.
We start observing that for L, as defined in (4.3), we can’t make use of the im-
plicit function theorem, since C8δ pW, i supE,H0qq is just a Frechet space (see Definition 18).
Despite this, we have
Lps, tq  Adpes{2qpK̃H0   iΛD2pesD1H0 esqq   t  s.
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Thus, L can be extended to a smooth map
L : C2,αδ pW, i supE,H0qq  r0, 1s Ñ C0,αδ pW, i supE,H0qq,
where Ck,αδ pW, i supE,H0qq are Banach. This will be the appropriate setting to apply the
implicit function theorem.
In the next lemma we show that the linearisation of L is an isomorphism. For
this we use the formulas in section 2.3 to compute the linearisation, and the asymptotic
Fredholm properties of 12∆D0  t (see Proposition 12) to conclude that it is an isomorphism.
Lemma 11. If ps, tq P C2,αδ pW, i supE,H0qq  p0, 1s is a solution of Lps, tq  0, then the
linearisation
Ls,t : dLds ps, tq : C
2,α
δ pW, i supE,H0qq Ñ C0,αδ pW, i supE,H0qq
is an isomorphism.
Proof. We can write equation Lps, tq  0 as
Adpes{2qK̃H0 es   t  s  0.
















0D0   t and γp1q  Ls,t.




l  B2θ  D:HXDHX   2tq.
It follows from Proposition 11 that γ is a path of Fredholm operators. Hence, by the





which is zero by Theorem 9. Thus, to prove that Ls,t is invertible we just have to show
that its kernel is trivial.
Chapter 4. Weak Higgs-Hermite-Einstein metrics on ATI bundles over ACyl manifolds 49
First, note that»
W











xads{4pIdAdpes{2qΥps{2q   Idqŝ, pId Adpes{2qqΥps{2qŝy
Thus, since
 pId Adpes{2qqΥps{2q  Υps{2qpId Adpes{2qq because s is H0self-
adjoint, we have »
W





Γpsq : Υps{2qpId Adpes{2qqpads{4pIdAdpes{2qΥps{2q   Idq.


















 2 sinh x
x
¥ 2.






Therefore, if ŝ P kerLs,t we must have |ŝ|  0 which means that the kernel of Ls,t is
trivial.
Now that we have all the conditions to apply the implicit function theorem, we
need a regularity result guaranteeing that our solutions are smooth. This is done in the
next lemma using a elliptic bootstrapping technique.
Lemma 12. If ps, tq P C2,αδ pW, i supE,H0qq  r0, 1s is a solution of Lps, tq  0, then
s P C8δ pW, i supE,H0qq.
Proof. The equation Lps, tq  0 can be written as
Adpes{2qK̃H0 es   t  s  0.
Thus, if we expand it using the formula in Proposition 6, we obtain
0 p2 coshpads{2qqK̃H0  
1
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with Υ as defined in (4.5) and
















we know that Θpsq has eigenvalues greater than 1. Hence it is invertible, and we can
rewrite the equation above as
















2∆D0s  ApsqpD0sbD0sq   t Θpsq
1s  Θpsq1pcoshpads{2q  2qK̃H0 , (4.7)
where A is a linear map depending on s.
Now, observe that (4.7) is a quasilinear elliptic equation and that the right
hand side has the same regularity as the solution s itself. Therefore, we can use Theorem 15
inductively to conclude that s P C8δ pW, i supE,H0qq.
Now that we have the two previous results, we are finally able to show that
IX p0, 1s is open.
Proposition 14. The set IX p0, 1s is open set.
Proof. The idea is to show that every point in I X p0, 1s is an interior point. So, take
t P IX p0, 1s which is guaranteed to exist by Proposition 13. By the definition of I there
exists s P C8δ pW, isupE,H0qq such that Lps, tq  0. Thus, since C8δ pW, isupE,H0qq 
C2,αδ pW, i supE,H0qq, it follows from Lemma 11 that ps, tq is a regular value of L extended
to C2,αδ pW, i supE,H0qq. By the implicit function theorem (Theorem 13) we know there is
an ε ¡ 0 and a smooth map h : pt ε, t  εq Ñ C2,αδ pW, i supE,H0qq such that
Lphpxq, xq  Lps, tq  0, (4.8)
for all x P pt ε, t  εq. Hence, it follows from Lemma 12 that hpxq P C8δ pW, isupE,H0qq
for all x P pt ε, t  εq which implies pt ε, t  εq  I. Therefore t is an interior point and
we conclude that IX p0, 1s is open.
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4.3 I is closed
In the previous sections we showed that, after choosing an adequate reference
metric H0, IX p0, 1s is a non-empty open subset of r0, 1s. Following our strategy for the
demonstration of Theorem 12, in this section we prove that I is closed. The idea is to
use an Arzelà-Ascoli type of result to a sequence of bounded solutions tpsn, tnqunPN with
tn Ñ t, and obtain a converging subsequence whose limit ps, tq still satisfies Lps, tq  0.
To achieve this, we will prove that every solution is bounded in the Ck,α and Ck,αδ norms,
with these bounds given by a priori estimates.
To keep the reading more comfortable, we start this section showing that
I is closed. Then, we relegate to the next subsections the proof of the Ck,α bounds
(Proposition 18) and the Ck,αδ bounds (Proposition 21).
Proposition 15. The set I is closed.
Proof. The idea is to show that every limit point of I is in I. So, let t be a limit point
of I and ttnunPN  I a sequence converging to it. By the definition of I we know there
is a sequence tsnunPN  C8δ pW, isupE,H0qq such that Lpsn, tnq  0 for all n P N. Using




for all n P N. Thus, it follows from Lemma 9 that there is a subsequence tsn0un0PN 
C0δ pW, i supE,H0qq converging in C0 to a limit s̃0.
Now, if we apply Lemma 9 to the subsequence tsn0un0PN, we can find a subse-
quence tsn1un1PN of tsn0un0PN which converges in C1 to a limit s̃1. Repeating this process
inductively, we are able to construct a chain of sequences tsn0un0PN      tsnkunkPN  . . .
each admitting a Ck limit s̃k. In fact, we have s̃0  s̃k for all k P N because the Ck norms
are stronger than the C0. Thus, taking the diagonal sequence tsmumPN whose mth term
is the mth term of the mth subsequence, we have sm C
kÝÑ s̃0 for all k P N. Hence,
s̃0 P C8δ pW, isupE,H0qq and, using the Ck convergence for k ¥ 2, we obtain






Lpsm, tmq  0.
Therefore ps̃0, tq is a solution, which implies that t P I.
4.3.1 Ck bounds
In this subsection we establish the Ck bounds for solutions of Lps, tq  0
which will be used later in the proof of the Ck,αδ bounds. Following the ideas of (JACOB;
WALPUSKI, 2018), first we will show a C0 bound depending only on pW, g, Iq and H0,
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and then, using the interior estimates of Theorem 17, we will obtain the Ck bounds. Let’s
start fixing some notation.
Throughout this section we will denote by ps, tq, or simply s when the real
factor is not relevant, a solution of Lps, tq  0. Since we will be mostly interested in the
C0 norm of s and how it behaves over the end of W , we write
‖s‖p : ‖s‖LppW q ‖s‖p,L : ‖s‖LppW zWLq ‖s‖p,BL : ‖s‖LppBWLq.
Lastly, denote by L0 ¡ 0 a large real number that will be fixed later.
Aiming to obtain an uniform C0 bound for s, our first result asserts that the
contribution of the end of W to the supremum of |s| decays at least linearly.
Lemma 13. There is a constant C1 ¡ 0 depending only on pW, g, Iq and H0 such that,
for any L ¡ 0, the following inequality holds:
‖s‖8 ¤ ‖s‖8,L   C1pL  1q.
Proof. First notice that the above inequality follows trivially if ‖s‖8  ‖s‖8,L. Thus we
will assume that ‖s‖8 ¡ ‖s‖8,L, which means that there is x0 P WL such that |s| achieves
its maximum, i.e., |s|px0q  ‖s‖8.
Substituting equation Lps, tq  0 in the formula of Proposition 8 we have
xt  s K̃H0 , sy 
1
4∆|s|
2   12 |υpsqD0s|
2,
which gives
4xK̃H0 , sy  ∆|s|2   2|υpsqD0s|2   4t|s|2 ¥ ∆|s|2.
Hence, we obtain
∆|s|2 ¤ 4‖s‖8|K̃H0|. (4.10)
Now, invoking Proposition 10, let pf, Aq P C2,αδ pW q ` R be the pair satisfying
∆pf  Alq  4|K̃H0|,
where »
W




volpS1 Xq ¡ 0
By (4.10) we know that |s|2‖s‖8pf Alq is subharmonic, hence, applying the maximum
principle (Lemma 17) on WL, we have that
|s|2px0q  ‖s‖8pfpx0q  Alpx0qq ¤ sup
xPBWL
p|s|2  ‖s‖8pf  Alqqpxq
¤ ‖s‖28,L   ‖s‖8p sup
xPBWL
pfqpxq   ALq.
Chapter 4. Weak Higgs-Hermite-Einstein metrics on ATI bundles over ACyl manifolds 53
Rearranging the terms and using that |s|px0q  ‖s‖8 we get











¤ maxpA, 2‖f‖8qpL  1q.
Before we proceed to the next lemma, it is worth noting that if
‖s‖8,L   8‖f‖8,L or ‖s‖8 ¡ 2‖s‖8,L
for some L ¡ 0, then it follows from Lemma 13 that
‖s‖8 ¤ 8‖f‖8,L   C1pL  1q or ‖s‖8 ¤ 2C1pL  1q
respectively. Thus, in both cases we have already the C0 bound we are looking for. With
this in mind, henceforth we will assume that ‖s‖8,L0 ¥ 8‖f‖8,L0 and ‖s‖8 ¤ 2‖s‖8,L0 .
Based on Lemma 13, our goal now is to obtain an uniform bound for ‖s‖8,L.
The following result is the first step in this direction.
Lemma 14. Let L ¡ 0 and x0 P W zWL satisfy
|s|px0q  ‖s‖8,L,
then for all L1 ¥ lpx0q we have
‖s‖8,L ¤ 4‖s‖8,BL1   4ApL1  lpx0qq. (4.11)
Proof. Recall from the proof of Lemma 13 that |s|2  ‖s‖8pf Alq is subharmonic. Thus,
for any L1 ¥ lpx0q, we can apply the maximum principle (Lemma 17) on WL1 obtaining
‖s‖28,L  ‖s‖8fpx0q   ‖s‖8Alpx0q ¤ ‖s‖28,BL1   ‖s‖8‖f‖8,BL1   ‖s‖8AL1.
Rearranging the terms and using the assumption that ‖s‖8,L ¥ 8‖f‖8,L and ‖s‖8 ¤
2‖s‖8,L we have
‖s‖8Aplpx0q  L1q ¤ ‖s‖28,BL1  ‖s‖28,L   2‖s‖8‖f‖8,L
¤ ‖s‖8

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which gives
‖s‖8,L ¤ 4‖s‖8,BL1   4ApL1  lpx0qq.
Take L0 ¡ 0 such that pE , θq|Xz is stable for |z| ¥ L0 and assume that ‖s‖8,L0 ¥
32A. Using the bound given in Lemma 14, we will now estimate ‖s‖8,L0 in terms of K̃H0 es .
Proposition 16. There is a constant C2 ¡ 0 depending only on pW, g, Iq and H0 such




8,L0 ¤ C2‖K̃H0 es |Xz‖2,L0   1.
Proof. Set
r  ‖s‖8,L08A and k  rrs,
where rxs is denotes the lowest integer greater than x P R. If we take lpx0q ¤ L ¤
lpx0q   k   1, it follows from Lemma 14 that
‖s‖8,L0 ¤ 4‖s‖s,BL   4Apk   1q ¤ 4‖s‖s,BL   4Apr   2q





As we have seen in the proof or Lemma 13, ∆|s|2 ¤ 4|K̃H0||s|. Hence, using the inequality
above and Theorem 16 it follows that

















where B ¡ 0 depends only on pW, g, Iq and H0. Setting
C  4B max
Llpx0q1,...,k
tmaxp1, volpWL 1zWL1qqu
and summing the inequality above over L lpx0q  1, . . . , k we have
‖s‖38,L0  8Ar‖s‖28,L0 ¤ 8AC
»
Wlpx0q k 1zWlpx0q







  C eδL0‖s‖28,L0 .
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Now, since pE , θq|Xz is stable for |z| ¡ L0, we have a HHE metric HXz on each
pE , θq|Xz . Thus, if we set σz : logpH1XzH0|Xzq, it follows from Lemma 7 and Lemma 5
that
‖s|Xz‖L2pXzq ¤ Cz‖logpeσz es|Xz q‖L2pXzq
¤ CzD2MpHXz , HXz eσz es|Xz q   1
¤ CzD2pMpHXz , H0|Xzq  MpH0|Xz , H0 es |Xzq   1q,
where Cz ¡ 0 depends on ‖σz‖L2pXzq. Notice that, by the way we constructed H0, we have
σz P C8δ pW, isupE,H0qq. So that there is C 1 ¡ 0 such that
MpHXz , H0|Xzq ¤ C 1 eδL0 .
Hence, using the inequality above and Lemma 6 we get
‖s|Xz‖L2pXzq ¤ CzD2

C 1 eδL0  D1
»
Xz




¤ CzD1D2‖s‖8,L0‖K̃H0 es |Xz‖L2pXzq   CzD2C 1   1. (4.13)
Integrating (4.13) on Wlpx0q k 1zWlpx0q we get
‖s‖L2pWlpx0q k 1zWlpx0qq ¤ C̃‖s‖8,L0‖KH0 es |Xz ,θ‖L2pWlpx0q k 1zWlpx0qq




















Now that we can estimate s through K̃H0 es , our next step is to show that
K̃H0 es is bounded.
Proposition 17. There is a constant C3 ¡ 0 depending only on pW, g, Iq and H0 such








where F̃KH0 is given by
F̃KH0 : F̃H0  iΛF̃H0ω.
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Proof. Recall from Lemma 4 that for any Hermitian metric H on a Higgs bundle pE , θq
we have
σ2pHq ^ ωn2  C
 




σ2pHq : 2c2pHq  r  1
r
c1pHq2.
In the case of Xz which is compact, the integral of the left-hand side of (4.14) is a
topological invariant of the bundle, thus we obtain»
Xz














Now, by the way we constructed H0 (remember that H0 is translation-invariant for |z| " 1)
we have
|K̃H0|Xz | ¤ C 1 eδ|z| and |F̃KH0 |  |F̃KH0|Xz |,
for C 1 ¡ 0. Moreover, since s P C8δ pW, isupE,H0qq we also get
|F̃KH0 es  F̃KH0 es |Xz | ¤ C̃ eδ|z|,
for C̃ ¡ 0. It follows that»
Xz


















2   pC 1   C̃q eδ|z|,






|F̃KH0 es |Xz |




|F̃KH0 es |Xz |
2  |F̃KH0|Xz |2   pC 1   C̃q eδL0  ‖F̃KH0|Xz‖2L2pWL0 q. (4.15)
Now, since s P C8δ pW, isupE,H0qq, we have»
W
pσ2pH0 esq  σ2pH0qq ^ ωn2  0.
Thus, we can apply (4.14) and get»
W
|F̃KH0 es|
2  |F̃KH0 |2 
»
W
|K̃H0 es|2  |K̃H0|2.
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2  t4 limLÑ8
»
WL




Thus, since in the tubular model NL can be identified with Bl and s P C8δ pW, isupE,H0qq,
it follows that































2  |F̃KH0|2 ¤ 0. (4.16)
Hence, comparing (4.15) and (4.16) completes the proof.
Now that Proposition 17 is proved, we are finally able to show the C0 bound
for the solutions of Lps, tq  0. Moreover, using interior estimates we can extend this to
Ck bounds.
Proposition 18. For all k P N there is ck P R such that
‖s‖Ck ¤ Ck,
for any ps, tq P C8δ pW, isupE,H0qq  r0, 1s solution of Lps, tq  0.
Proof. The assumptions we made about s along this section were
1. ‖s‖8,L   8‖f‖8,L0 or ‖s‖8 ¡ 2‖s‖8,L0 ;
2. ‖s‖8,L0 ¥ 32A;
3. ‖s‖8,L0 ¥ 2C.
Hence, for s not fitting these cases we can use Lemma 13 to obtain
‖s‖8 ¤ maxt8‖f‖8,L0 , 32A, 2Cu   2C1pL0   1q.
On the other hand, for s satisfying all these conditions it follows from Lemma 13, Proposi-





C3peδL0  ‖F̃KH0‖2L2pWL0 qq   1
	
  C1pL0   1q.
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Thus, for any solution s we have an upper bound for ‖s‖C0 given by the maximum
of the above inequalities. Now that we have C0 bounds, the Ck bounds follow from
Theorem 17.
4.3.2 Ck,αδ bounds
In this subsection we show the Ck,αδ bounds for solutions of Lps, tq  0 that are
used in the proof of Proposition 15. The proof consists in showing locally an uniform Ck,αε
bound using Schauder estimates, for some well chosen ε ¡ 0, and then using an inductive
process to improve the ε decay to a δ decay.
Before we proceed to prove the Ck,αδ bounds, we will show a simple analytical
lemma that will be useful later.
Lemma 15. Suppose that a continuous function f : r0,8q Ñ r0,8q is C1 over p0,8q
and satisfies
fpxq ¤ A eδxBf 1pxq
for some positive constants A,B P R. Then, taking ε : mintδ, 1{2Bu, we have
fpxq ¤ p2A  fp0qq eεx .
Proof. If one defines the function g : r0,8q Ñ R by
gpxq : fpxq  p2A  fp0qq eεx,
it follows that gp0q  2A ¤ 0 and
Bg1pxq  Bf 1pxq  Bεp2A  fp0qq eεx
¤ A eδxfpxq   12p2A  f
1p0qq eεx
¤ fpxq   12p2A  f
1p0qq eεx  gpxq.
Thus, taking
hpxq  g1pxq   gpxq
B
,
it is easy to see that









since hpxq ¤ 0.
To use the Schauder estimates and obtain a Ck,αε bound on s, we need an
uniform L2εbound for every solution of Lps, tq  0. The following result, along with the
next remark, provides us with these L2εbounds at least locally. Like in the previous
section, fix L0 " 1 such that pE , θq|Xz is stable for |z| ¥ L0.
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Proposition 19. There are constants ε ¡ 0 and Cε ¡ 0, depending on pW, g, Iq and pE , θq,
such that, for all L ¥ L0, we have»
W zWL
|s|2 ¤ Cε e2εL and
»
W zWL
|D0s|2 ¤ Cε e2εL .





|D0s|2 @L ¥ L0, (4.17)
where C1 just depends on pW, g, Iq and pE , θq. Thus, to prove this result we just need to
show the second estimate.
Applying Proposition 8 in the equation Lps, tq  0 we see that














p1  xq  1,
we know there is a ¡ 0 such that the expression above is greater than 14 for all x P r0, as.
Moreover, for all x ¥ a we have
1 ex
x
p1  xq ¥ 1 ea .





for M  minp12 , 1 e
aq. Using this estimate for υpsq and the fact that ‖s‖L8   8, we
conclude that
|D0s|2 ¤ M2 p1  ‖s‖L8qp4|K̃H0||s|∆|s|
2q. (4.18)
Now, integrating (4.18) over WL1zWL, for L1 ¡ L, and using that K̃H0 P
C8δ pW, isupE,H0qq along with Proposition 18 yields»
WL1zWL












where NL, NL1 are the outward oriented unit vector field normal to BWL, BWL1 . Just as in
the proof of Proposition 17, we have
|NL1 |s|2| ¤ 2|NL1 ||∇0s||s| ¤ ‖NL1‖8‖s‖2C1
δ
e2δL1 ,
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where C2  M2 p1   ‖s‖L8qmaxp4‖K̃H0‖C0δ ‖s‖C0 , 2‖NL‖8q. The result now follows from
Lemma 15.
Remark 2. Note that, since pW, g, Iq is ACyl, there is L10 ¥ L0 such that for all x P W zWL10
and all r   injpW q we have Brpxq  Wlpxq 2rzWlpxq2r. Thus, it follows from Proposition 19









¤ Cε eε8r   Cε e8ε injpW q .
Moreover, by Proposition 18, we have»
Brpxq
|eεl s|2 ¤ e2εpL10 injpW qqC20 volpWL10 injpW qq,
for every x P WL10. Therefore there is a constant C̃ε depending on pW, g, Iq, ε and Cε such
that for any x P W and r   injpW q we have»
Brpxq
|eεl s|2 ¤ C̃ε.
Now that we have the L2 bounds for eεl s from Remark 2, we can use the
estimates of Proposition 18 and obtain Ck,αε bounds for s.
Proposition 20. For all k P N and 0   α ¤ 1 there is Ck,α,ε P R such that
‖s‖Ck,αε ¤ Ck,α,ε,
for any ps, tq P C8δ pW, isupE,H0qq  r0, 1s solution of Lps, tq  0.
Proof. Using Proposition 6, we can write equation Lps, tq  0 as
∆D0s  ApsqpD0sbD0sq   ts  Θpsq1pcoshpads{2q  2qK̃H0 ,
where A is linear map depending on s and
Θpsq : Υps{2q  Υps{2q2 .
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Let Ps : ΓpEndEq Ñ ΓpEndEq be the elliptic linear differential operator given by
Pspuq  ∆D0u  ApsqpD0sbD0uq   t  u
and take P 1s  eεl Ps  eεl. Doing some computations one sees that
P 1spuq  ∆D0u  ApsqpD0sbD0uq   εxdl,D0uy
  ApsqpD0sb uq   12pε
2|dl| ε∆lqu  tu
so that, using Proposition 18, we have
‖P 1s‖k,α ¤ ck,α,ε
with ck,α,ε independent of the solution s.
Now, take x P W and consider, for r   injpW q, a normal coordinate system φx :
Brpxq Ñ Brp0q along with a synchronous trivialization (Definition 22). Using Corollary 5
and the Sobolev embedding we have
‖eεl s‖CkαpBrpxqq ¤ a1k,α‖φx eεl s‖CkαpBrp0qq ¤ c1k,α,r‖φx eεl s‖Wk n,2pBrp0qq,
and it follows from elliptic interior estimates Theorem 14 that
‖φx eεl s‖Wk n,2pBrp0qq ¤ C
 
‖φxpP 1s eεl sq‖Wk n2,2pBrp0qq   ‖φx eεl s‖L2pBrp0qq

with C depending on ‖P 1s‖k n1, k, n and r. Since K̃H0 P C8δ pW, isupE,H0qq, we have
‖P 1speεl sq‖Ck,α  ‖eεl Θpsq1pcoshpads{2q  2qK̃H0‖Ck,α
¤ ‖Θpsq1pcoshpads{2q  2q‖Ck,α‖K̃H0‖Ck,α
δ
,
and, by Proposition 18, the term depending on s is uniformly bounded by say Ak,α. Thus,
it follows from Remark 2 that







for all x P W which implies that ‖s‖Ck,αε is bounded independent of s.
Finally, using Proposition 20 and Remark 2 we are able to show the Ck,αδ bounds
for solutions of Lps, tq  0.




for any ps, tq P C8δ pW, isupE,H0qq  r0, 1s solution of Lps, tq  0.
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Proof. First, observe that
‖D0sbD0s‖Ck,α2ε ¤ e
k‖D0s‖2Ck,αε ,
which is uniformly bounded by Proposition 20. So, using that Θpsq1pcoshpads{2q2qK̃H0 P
C8δ pW, isupE,H0qq and ε   δ, we obtain
‖∆D0s  ts‖Ck,α
ε1
¤ ek C2k,α,ε   Ak,α‖K̃H0‖Ck,α
δ
 Bk,α,ε1 ,
with ε1 : mint2ε, δu. In particular, we have
|∆D0s  ts| ¤ B0,1,ε1 eε
1l
which implies that
|D0s|2 ¤ |∆D0s||s| ¤ B0,1,ε1C0,1,ε epε ε
1ql .
Thus we have »
W zWL
|D0s|2 ¤ C epε ε1qL,
and following the same deduction in Remark 2 and the proof of Proposition 20 above, we
may conclude that ‖s‖Ck,α
pε ε1q{2
is bounded independent of s. Applying this same process
inductively we arrive at a bound having δ decay concluding our result.
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APPENDIX A – Some technical analytical
resuts
In this appendix I list some technical analytical results that are used along the
text but may have no direct interest to the reader.
Lemma 16 (General Leibniz rule). Let E1, E2 be vector bundles over X and ∇1, ∇2
connections on E1, E2 respectively. If s1 P ΓpE1q and s2 P ΓpE2q then









where ∇  ∇1 b∇2.
Lemma 17 (Maximum principle). Let pX, gq be a compact Riemannian manifold with
boundary and suppose that f P C2pXq is a nonnegative function satisfying
∆fpxq ¤ 0






with equality only if f is constant.
Theorem 13 ((LANG, 1993, Theorem 2.1, page 364)). Let E1, E2 and F be Banach
spaces, U  E1  E2 be an open subset, and f : U Ñ F a smooth map. If the partial
derivative pD1fq at a point pξ1, ξ2q P U is an isomorphism from E1 to F there is a smooth
map h from a neighbourhood of ξ2 P E2 to a neighbourhood of ξ1 P E1 such that
fphpηq, ηq  fpξ1, ξ2q.
Let E  Cr be the trivial bundle over Rn and denote by x, y and B the trivial




AαpxqBα : C8pEq Ñ C8pEq,
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Theorem 14 ((NICOLAESCU, 2007, Theorem 10.3.1, page 465)). Let pk, pq P Np1,8q,
and R ¡ 0. Then, there exists C  Cp‖L‖k 1, k, p, n, Rq ¡ 0 such that, @u P C80 pE|BRp0qq,
we have
‖u‖k m,p ¤ Cp‖Lu‖k,p   ‖u‖pq. (A.1)
Moreover, if α P p0, 1q then there exists C 1  C 1p‖L‖k 1, k, α, n,Rq ¡ 0 such that
‖u‖k m,α ¤ Cp‖Lu‖k,α   ‖u‖0,αq. (A.2)
Theorem 15 ((AUBIN, 1998, Theorem 3.56, page 86)). Let Apuq  F px, u,∇u,∇2uq be
a differential operator of order two, defined on Ω an open set of Rn, F being a smooth
function of its arguments. Suppose that A is elliptic on Ω at u0 P C2pΩq, and that
Apu0q  f P Cr,βpΩq with 0   β   1. Then u0 P Cr 2,βpΩq.
Theorem 16 ((GILBARG; TRUDINGER, 2001, Theorem 9.20, page 244)). Let W 2,npΩq

















where C  Cpn, γ, νR2, pq.
Theorem 17 ((JACOB; WALPUSKI, 2018, Theorem C.1, page 1589)). Let pX, g, Iq be a
compact Kähler manifold of dimension n with bounded geometry and let E be a holomorphic












where εk,p is a smooth function which vanishes at the origin and depends only on k P N,
p P p1,8q, and the geometry of X.
For proof of the following theorem see (LANG, 1993, Theorem 3.1, page 57)
Theorem 18 (Arzelà-Ascoli). Let X be a compact subset of a metric space, and F be a
Banach space. Let Φ be a subset of the space of continuous maps CpX,F q with sup norm.
Then Φ is relatively compact in CpX,F q if and only if the following two conditions are
satisfied:
• For every x P X and ε ¡ 0 Dδ  δpx, εq ¡ 0 such that |fpxq  fpyq|   ε for all
y P Bδpxq.
• For each x P X, the set tfpxq : f P Φu is relatively compact.
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Corollary 6. Suppose that Φ  Ck 1pBrp0q,Rq satisfies
‖f‖Ck 1 ¤ C @f P Φ
for some C P R. Then Φ is relatively compact as a subset of CkpBrp0q,Rq.
